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FOREWORD 


This  technical  report  presents  a  proposed  acceptance -saarpling 
procedure  together  vlth  related  sampling-inspection  plans  for  the 
evaluation  of  lot  quality  in  terns  of  the  instantaneous  failure  rate 
or  hazard  rate  as  a  function  of  time*  The  Weihull  distribution, 
including  the  exponential  distribution  as  a  qaecial  case,  is  used  as 
the  underlying  lifelength  model*  The  report  has  been  prepared  to 
stqjpl^nt  the  procedures  and  tables  of  sai!5>ling  plans  for  use  vhen 
lot  quality  is  to  be  evaluated  in  terms  of  mean  item  life  ^ich  have 
been  presented  in  Department  of  Defense  Tec^cal  Report  No.  3,^5 
and  have  also  been  discussed  elseuhere.^^  ^9^  21  ^0  study  upon 
tdilch  this  report  is  based  uas  done  at  Cornell  University  under  a 
contract  sponsored  by  the  Office  of  Naval  Resesirch. 

The  popocedures  and  plans  are  for  use  yfhen  inspection  of  the  sample 
items  is  by  attributes  vlth  life  testing  truncated  at  some  specified 
time.  A  set  of  conversion  factors  has  been  prepared  from  vhich  attribute 
sampling^inspectlon  plans  of  aziy  desired  form  may  be  designed  or  from 
idilch  the  operating  characteristics  of  any  specified  plan  may  be 
deteimined*  A  ccmprehensive  set  of  WeibuU  sampling-inspection  plans 
has  also  been  compiled  and  included,  as  veil  as  tables  of  products  for 
adapting  the  Mllltazy  Standard  lOJC^  to  life  testing  and  reliability 
ap^OdcatlODS  •  In  all  three  of  these  elements  of  the  study  and  the 
report,  the  exponential  model  has  been  included  as  a  special  case. 

As  in  the  case  of  the  previous  report,  both  the  procedures  and  the 
plans  are  for  use  in  cases  for  ‘idilch  the  value  for  the  WeibuU  shape 
parameter  is  known  or  can  be  assumed*  Ccmverslon  tables  and  pages  of 
plans  have  been  provided  for  a  vide  range  of  values  for  this  parameter. 


Heniy  P.  Goode 
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Department  of  IndixstriaO.  and  Engineer¬ 
ing  Administration,  Sibley  School  of 
Mechanical  Engineering,  Cornell 
University. 
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SECTION  1 
INTRODUCTION 

1.1  Summary 

This  technical  report  outlines  an  acceptance- sampling  jjrocedure  and. 
presents  tables  of  related  eaapllng-inspection  plans  for  the  evaluation 
of  lot  quality  in  terms  of  the  instantaneous  failure  or  hazard  rate  as  a 
function  of  time.  The  Weibull  distribution  (including  the  exponential 
as  a  special  case)  is  used  as  the  underlying  lifelength  model.  Inspec¬ 
tion  of  sample  items  is  by  attributes  with  life  testing  truncated  at 
the  end  of  some  specified  time.  Tables  of  factors  are  also  provided 
from  which  sampling  plans  for  insteuitaneous  failure  or  hazard  rate  may 
be  designed  to  meet  given  needs  or  from  which  the  operating  character¬ 
istics  for  any  specified  plan  may  be  evaluated.  Also  included  is  a 
discussion  of  applications  in  terms  of  the  average  hazard  rate  as  a 
function  of  time,  a  measure  which  turns  out  to  be  distribution-free. 

1.2  Introduction 

The  sampling-inspection  procedure  and  tables  of  plans  presented 
in  the  report  evaluate  the  lot  in  terms  of  the  instantaneous  failure 
or  hazard  rate  at  some  specified  time.  They  have  been  designed  to 
match  dud  supplement  the  procedure  and  plans  for  the  evaluation  of  the^ 
lot  in  terms  of  mean  life  which  have  been  publi^ed  as  Department  of 
Defense  Technical  Report  No.  3^^  and  which  will  also  be  found  in  the 
proceedings  of  the  Seventh  National  Symposium  on  Reliability  and  Quality 
Control^  and  in  the  transactions  of  the  Fifteenth  Annual  Convention  of  the 
American  Society  for  Quality  Control,  1961,  In  both  these  cases  the 
procedures  and  plans  are  for  applications  for  which  the  Weibull  distribution 
or  the  exponential  distribution, which  is  a  special  case  of  the  Weibull, 
can  be  assumed  as  the  underlying  lifelength  model. 
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toe  report  previously  published  discussed  the  nature  of  the  Welbuli 
distribution,  the  relationships  between  it  and  the  exponential,  and 
similar  points.  Hence  material  on  these  points  will  not  be  repeated 
here;  the  report  referenced  may  be  consulted.  For  further  information 
on  the  Weibull  distribution  as  a  statistical  model  for  reliability  and 
lifelength  analysis,  reference  may  also  be  made  to  a  paper  by  Kao  which 
will  be  found  in  the  Proceedings  of  the  Sixth  National  Symposium  on 
Reliability  and  Quality  Control.^ 

It  should  be  noted,  however,  that  the  Weibirll  distribution  is  a 
three -parameter  distribution;  (l)  a  location  or  threshold  parameter, 
commonly  symbolized  by  the  letter  (2)  a  scale,  or  characteristic 
life  parameter,  symbolized  by  r\,  and  (3)  a  shape  parameter,  symbolized 
conventionally  by  the  letter  p,  are  all  required  to  completely  describe 
a  particular  Weibvill  distribution.  For  a  great  many  applications  the 
location  parameter,  7,  can  be  assumed  to  equal  zero.  This  means,  in 
effect,  there  Is  some  probability  of  item  failure  ri^t  frcmi  the  start 
of  life  or  use— there  is  no  initial  period  of  life  that  is  free  of 
risk  of  failure.  The  direct  application  of  the  factors  and  sampling- 
plan  tables  given  in  this  report  assume  7=0.  However,  if  7  has  some 
known  value  other  than  zero  the  procedure  and  tables  can  be  easily  and 
simply  modified  to  allow  for  this.  The  method  for  doing  so  will  be 
described  in  another  section.  The  procedure  and  the  information  in 
the  tables  is  independent  of  the  magnitude  of  n,  the  scale  parameter] 
the  value  for  this  parameter  need  not  be  known  or  estimated.  Ihe  reason 
for  this  will  be  noted  in  the  section  of  the  report  dealing  with  the 
mathematical  relationi^lps .  3he  Weibull  shape  parameter,  p,  is  important 
however-  Die  Beui5)ling  plans  presented  here  depend  on  its  magnitude  and 
are  for  application  to  product  for  which  the  value  for  this  parameter  is 
known  or  can  be  assumed  to  approximate  some  given  value . 


Basic  factors  for  the  design  and  Evaluation  of  plans  to  meet 
specified  needs^  and  comprehensive  tables  of  single- sampling  plans  have 
been  prepared  and  included  for  each  of  eleven  values  for  p,  values  of 

and  5»  This  range  of  values  covers 
the  range  of  shape  peurameters  normally  encountered  vlth  industrial  and 
military  products.  Values  for  p  of  less  than  1  apply  to  products 
\rtiose  distribution  of  failures  is  such  that  the  failure  rate**  is  hl^ 
in  early  life  and  gradually  decreases  vith  the  passage  of  time.  This 
seems  to  be  the  case  for  many  electronic  components  such  as  transistors 
and  resistors.  Recognition  of  the  fact  that  the  failure  rate  decreases 
(or  increases,  for  that  matter)  with  the  passage  of  time  and  allowance 
for  this  fact  is  extremely  important  if  acceptance  sampling-inspection 
plans  for  lifelength  and  reliability  are  to  be  applied  realistically. 

For  p  =s  1  the  Weibull  distribution  is  the  same  as  the  exponential; 
the  exponential  distribution,  in  effect,  being  a  special  case  of  the 
Weibull.  At  p  =  1  the  failure  rate  is  constant  and  does  not  change 
with  the  passage  of  time.  Use  of  exponential  sampling  plans  assumes 
this  constancy— an  assumption  that  may  not  be  warranted  for  a  large 
proportion  of  applications.  For  values  of  P  greater  than  1,  the 
failure  rate  is  relatively  small  at  the  start  of  life  or  service  but 
increases  with  the  x>assage  of  time,  the  rate  of  increase  being  larger 
for  larger  values  of  p.  3hus  P- values  larger  than  1  may  quite  logically 
apply  for  items  for  \diich  wear-out  or  fatigue  is  an  Important  cause 
for  fallxjre — items  such  as  electron  tubes  or  many  mechanical  components. 

As  an  illustration  of  the  above  comments,  reference  may  be 
made  to  Figure  1  ^Ich  shows,  for  the  Weibull  distribution,  the  re¬ 
lationship  between  the  instantaneous  fedlure  or  hazard  rate  (or 

Biimly  hazard),  symbolized  by  Z  (t),  and  life  or  time,  t  ,  for 
**See  Appendix  A  for  the  definition  of  failure  rate  and  its  relation¬ 
ship  to  hazard  rate. 
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various  values  for  The  value  for  the  location  parcoaeterj  y  has  been 
taJcen  as  zero.  Also,  in  each  case  a  value  for  the  scale  parameter,  tj  , 
of  unity  has  been  used. 

1.3  The  Acceptance  Proceduae 

The  factors  and  the  sanrpling-inspection  plans  included  in  this 
report  have  been  designed  for  use  under  the  following  acceptance  pro¬ 
cedure: 

(a)  Select  at  random  a  sainple  of  n  items  from  the  submitted 
lot. 

(b)  Place  the  selected  items  on  life  test  for  some  specified 
period  of  time,  t, 

(c)  Determine  the  number  of  items  that  fail  during  the 
period  of  time,  t, 

(d)  Can5)are  the  number  of  items  that  fail  with  a  specified 
acceptance  number,  c. 

(e)  If  the  number  of  saanple  items  that  fail  is  equal  to  or 
less  than  the  acceptance  nuinber,  c,  accept  the  lot; 

if  the  number  that  fall  exceeds  the  acceptance  number, 
reject  the  lot. 

Testing  of  sample  items  may  be  curtailed  prior  to  time  t  if  the 
lot  is  to  be  rejected  since  it  is  possible  to  observe  (c  +  l)  failures 
in  less  than  t  units  of  time. 

It  may  be  noted  from  this  outline  that  the  procedure  is  for 
attribute  inspection  and  it  takes  the  form  commonly  eipployed  for  accep¬ 
tance  saiiq>ling-lnspection  \then  the  lot  quality  of  interest  is  sizoply 
the  proportion  or  number  defective  rather  than  reliability  or  item  life. 
The  only  variation  in  method  is  the  use  of  a  testing  truncation  time,  t. 
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Under  this  procedure  tlie  probability  of  acceptance  for  a  lot, 

P(A)/  depends  on  the  probability  ,  p*,  of  item  life  being  less  than 
(or  equal  to)  the  test  truncation  time,  t.  For  applications  for  which 
the  value  for  the  shape  parameter,  p,  is  known  (or  can  be  assumed  to 
axjproximate  some  kno^m  value)  and  for  xdilch  the  testing  truncation 
time,  t,  is  specified,  the  probability  p*  is  a  function  only  of  the 
hazard  rate  Z(t)  at  time  t.  Since  p*  is  a  function  only  of  t  and  z(t), 
the  operating  characteristics  for  any  given  plan  depend  only  on  t  and 
Z(t).  In  order  to  provide  factors  and  sampling  tables  for  general  use 
rather  than  for  specific  values  for  t  and  Z(t),  they  have  been  provided 
in  terms  of  the  product  tz(t).  Conversion  of  values  for  this  product 
to  desired  values  when  t  or  Z(t)  is  specified,  will  obviously  be  quite 
easy.  !Ihis  i^ill  be  demonstrated  in  the  discussion  of  examples  that 
follow  later. 

To  provide  a  means  for  the  design  or  evaluation  of  sampling  inspec¬ 
tion  plans,  two  tables  of  factors  have  been  prepared.  One,  Table  1, 
lists  tz(t)  values  for  various  values  of  p*.  For  convenience  in  tab¬ 
ulation  and  use,  p’  (in  ^)  values  are  used  and  tz(t)  x  100  rather  than 
tz(t)  values  are  tabulated.  Ihe  second.  Table  2,  tabulates  p*  (^t) 
vetlues  for  various  values  of  tz(t)  x  100.  In  both,  values  are  supplied 
for  each  of  the  eleven  selected  values  for  p.  Ohrou^  the  use  of  these 
tables,  acceptance-sampling  plans  of  any  desired  operating  characteristics 
can  be  designed,  or  specified  plans  can  be  evaluated  using  the  math¬ 
ematics  and  practices  ordinarily  employed  in  attribute  inspection. 

A  final  point  of  procedvire  that  should  be  mentioned  is  that  the 

factors  and  tables  of  plans  are  for  direct  application  in  cases  for 

which  the  time  t  at  which  the  hazard  is  specified  or  is  to  be  tested  is 

the  same  as  the  time  t  at  which  life-testing  of  sample  items  is  to 

be  truncated.  However,  a  table  of  factors  has  been  prepared,  (Table  5) 

-6- 


to  use  in  a  siniple  modification  Wai'eh allows  the  test  truncation  tiine 
to  differ  from  the  time  at  which  the  hazard  rate  is  specified.  Qhe 
life  test  time  for  saiiple  items  can  he  one-half  or  one-fifth,  for 
exan^le,  of  the  time  at  which  the  hazard  rate  is  specified. 


SECTION  2 

THE  BASIC  CONVERSION  FACTORS 


2«1  Conrput&'tiQn  of  "the  Coji  ^^ersion  Factors  - 

The  instantaneous  failure  or  hazard  rate  or  sisaply"  hazard  at  any 
Reified  time  t,  vfeich  may  be  symbolized  by  Z(t),  ma^'’  be  expressed 
by  the  relationship 

Z(t)  -  f(t)  /  R  (t)  (1) 

yixere  f(t)  is  the  population  density  function  (p.d.f.)  and  where 

R(t)  =  1  -  P(t),  (2) 

for  Mihich  F(t)  is  the  cumulative  distribution  function  (c.d.f,)* 

For  the  Weibull  distribution  (and  for  the  case  for  i^hich  the  value 
for  7,  the  location  parameter  is  O),  the  expression  for  f(t),  the 
population  density  fuction,  is 

f(t)  =  O/n)  (t/n)  e«3?  [  -  (t/nf  ]  .  (3) 

Again  for  the  Weibull  distribution  and  for  7  «  0,  the  expression  for 
P(t),  the  cumulative  distribution  fuction^  is 

F(t)  =:  1  -  exp  [  -  (t/rj)  ^  ].  (^) 

Using  these  expressions  the  hazard  can  now  be  given  by  dividing 
Equation  (3)  by  the  unit  con^liment  of  Equation  (4)^  thus^ 

Z(t)  =  (p/n)  (t/ti)  .  (5) 
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For  the  steps  to  follow,  it  will  be  useful  to  miltlply  each  side 
of  the  above  eqtiation  (t/p).  Ihis  step  will  give  the  relationship 

tz^t)  =  (6) 

In  the  design  or  evaluation  of  attribute  66i!^liz3g  plans,  one  is 
concerned  with  the  probability  of  a  san^le  item  falling  before  the 
end  of  the  test  time,  t.  ©lis  probability,  tdiich  may  be  symbolized 
by  p‘*  ,  is  given  by  the  cumulative  distribution  function  (c«d*f.); 
thus, 

p'  =  P(t)  =  1  -  exp  t  -  (t/ij)^  ]  .  (7) 

Combining  Equations  (6)  and  {7)>  p’  in  terms  of  Z(t)  becomes, 

P’  =  1  -  «cp  [-  tz(t)  ]  .  (8) 

From  this  expression  it  taay  be  noted  that  v®on  transposing  and  taking 
the  natural  logarithm  that 

-tZ(t)  =  In  (l-p*)  or 

tZ(t)  «  In  d-p').  (9) 

She  two  equations.  Equations  (8)  and  (9)  furnish  the  'haplp 
relationships  for  computing  the  factors  required  for  the  or 

evaluation  of  liie  attribute  sarpllng-inspection  plans  for  lifelength 
and  reliability  being  considered  in  this  stu^y*  Equation  (8)  may  be 
used  for  computing  values  for  p'  correEponding  to  given  values  for 
tz(t)  and  Equation  (9)  may  be  used  for  coopjtlng  values  for  tz(t) 
corresponding  to  given  values  for  p’ . 

For  convenience  in  conputation.  Equation  (5)  can  be  rewritten  as, 

tZ(t)  ■  8  exp  (  In  [>ln(l«p'))  ).  (10) 
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Values  for  the  express^oa 

-In  f  -in  (1-p')  ]  (n) 

are  available  from  a  table  of  the  Inverse  of  the  cumulative  probability 
function  of  extaremes,  coaipiled  by  the  National  Bureau  of  Standards.^ 

For  both  the  relatlwshlp  e(iuatlons  values  for  e  raised  to  the  povers 
Indicated  vere  read  frcm  the  National  Bureau  of  Standards  tsblas  of  the 
exponential  function. 

Pfooi  the  relationship  equations  an  isuportant  point  may  be  noted, 
uhlch  is  that  for  the  attribute  form  of  inspection  used  in  the  acceptance - 
sampling  procedure,  the  Weibull  scale  parameter,  tj,  is  not  directly  involved 
With  the  value  for  the  shape  parameter,  p,  hnovni  or  given,  only  the 
product  of  test  time,  t,  and  the  hazard  of  interest,  Z(t),  are  of 
concern.  Attribute  plans  may  be  designed  or  evaluated  in  terms  of 
tz(t)  and  with  one  element  of  this  product  given  or  assumed,  the 
other  element  may  readily  be  determined. 

In  the  above  analysis  it  haa  been  assumed  that  the  value  for  r, 
the  Weibull  location  parameter,  is  zero.  For  a  large  proportion  of 
possible  applications  this  vlU  actually  he  the  case.  However,  if  in 
an  application  y  has  some  non-zero  value,  adaptation  of  the  procedure 
to  allow  for  this  is  quite  easy.  All  that  must  be  done  is  to  subtract 
the  value  for  y  from  the  value  used  for  t  to  get  a  converted  value  , 
t^.  Ihis  converted  value  is  then  applied  to  form  a  converted  product 
toZ(to)  which  can  be  used  for  all  computations  and  readings  from  the 
table#  Any  solution  in  terms  of  t^  can  then  be  converted  back  to  real 
values  by  slxoply  adding  the  value  for  >• 

2.2  !Ihe  Tables  of  Kaotors  and  ^Ir  Use. 

With  the  use  of  Equation  (9)  a  table  of  value 3  for  tz(t)  i"or 

various  values  of  p*  has  been  prepared.  It  is  presented  at  the  end  of 
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tble  report  as  Table  1.  For  convenience  in  tabulation  and  use,  p' 
values  have  been  multiplied  by  100  and  ej^essed  as  percentages  and 
values  for  tz(t)  have  likewise  been  multiplied  by  100  to  give  tz(t) 

X  100  values.  The  values  used  for  p’  range  from  .OlOf)  to  8o#  with  the 
selection  made  in  accordance  with  a  standard  preferred  nusiber  series . 
Also,  through  the  use  of  Equation  (8),  a  table  of  values  for  p'  (^6) 
for  various  values  for  tZ(t)  x  100  has  been  prepared.  It  will  be 
found  presented  as  Table  2.  With  this  table,  values  for  p'  (?f)  may 
be  fotmd  without  interpolation  'vdien  rounded  values  for  tz(t)  x  100 
are  given.  The  two  tables  provide  the  basic  factors  necessary  for  the 
design  OX  evaluation  of  attribute  sas^pling  jaepection  plans  of  the  form 
described  in  the  previous  section  of  this  report.  Two  examples  of  their 
use  follow. 

Example  (l) 

One  possibility  of  use  for  the  conversion  factors  is  in  the 
evaluation  of  specified  acceptance  sampling  plans.  Suppose,  to  consider 
a  simple  example,  a  single-sampling  attribute  plan  has  been  specified 
with  a  sample  size,  n,  of  115  items  and  an  acceptance  number  c,  of  3 
items.  The  test  time  for  the  sample  items  is  to  be  500  hours.  A  value 
for  p  of  2  and  a  value  for  7  of  0  seen  reasonable  to  assume.  Ohe 
operating  characteristics  for  the  plan  under  these  conditions  amst  be 
determined.  Lot  quality  is  to  be  evaluated  in  terms  of  the  hazard  at 
500  hours  of  use. 

Under  plans  of  the  form  presented  here,  the  probsibility  of  accep¬ 
tance  for  a  lot,  P(a),  depends  on  the  probability,  p’,  of  an  item 
failing  before  the  end  of  time,  t,  which  in  this  case  is  500  hours. 

The  first  step,  then,  in  detennlning  the  operating  characteristics 
is  to  determine  the  probability  of  acceptance,  P(a)  eissociated  with 
each  of  an  appropriate  range  of  values  for  p'.  These  probabilities 
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nay  be  detensiiied  1?y  obb  of  the  niethods  ccanmonJy  used  In  the  evaluation 
of  ordinary  attribute  sampling  inspection  plans.  It  is  most  convcniert 
to  make  use  of  ttie  readily  available  tables  of  the  hypergeometric  dis¬ 
tribution,  of  the  binomial  distribution,  or  of  the  Poisson  distribution— 
the  choice  depending  on  the  ratio  of  the  sample  size  to  the  lot  size, 
the  size  of  the  BaBrple,the  range  of  p*  values  involved,  and  on  the 
accuracy  desired.  If  the  plan  happens  to  be  one  matching  an  existing 
attributes  plan  of  the  ordinary  form  (for  defectives)  for  i^ich  ah  oper¬ 
ating  characteristic  curve  has  been  prepared,  the  required  values  for 
the  probability  of  acceptance  may  be  read  from  this  cinve  to  sufficient 
acciiracy  for  ordinary  use.  For  the  exaizple  under  discussion,  the 
values  for  P(A)  corresponding  to  each  of  a  suitable  series  of  p*  values 
are  listed  in  the  tabulation  below  (in  the  second  and  first  columns, 
respectively).  Note  that  the  p*  values  have  been  selected  from  those 
used  in  the  construction  of  the  table  of  conversion  factors  (Table  l) 
and  that  the  range  of  values  used  is  the  range  required  to  give 
valiaes  for  P(a)  for  most  of  the  range  frcm  1.00  to  0  so  that  a  coirg)lete 
picture  of  operating  characteristics  may  be  obtained. 

Ihe  next  step  is  to  make  use  of  the  first  of  the  tables  of  con¬ 
version  factors.  Table  1,  and  read  off  the  value  for  tz(t)  x  100 
corresponding  to  each  of  the  listed  p*  (in  ^f)  values.  These  are  foimd 
in  the  seventh  column  of  factors  in  Table  1,  the  column  for  p  =  2. 

The  values  for  this  example  are  listed  in  the  third  column  of  the  tabula¬ 
tion  below. 

The  final  step  is  to  divide  each  of  the  values  tabulated  for  tz(t) 
by  the  value  specified  for  t,  which  is  500  hours,  to  give  the  associated 
hazard,  Z(t).  These  conQputations  have  been  made  with  the  results  as 
listed  in  the  last  co3.unin  dTthe  tabulation  below. 
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It  may  nov  be  noted  by  scanning  the  figures  In  this  last  -column 
that  for  a  lot  made  up  of  product  vhose  hazard  is  4.83  x  lO"^  at  500 
hours,  the  probability  of  acceptance  will  be  .95:  if,  on  the  other 
hand,  the  hazard  is  26.88  x  10*^,  the  probability  of  its  acceptance 
is  only  .04  for  exaii5)le  .  If  desirable,  each  P(a)  value  and  its 
associated  Z(t)  value  may  be  plotted  to  construct  an  operating  char¬ 
acteristic  cxarve.  Diis  has  been  done  for  this  application  with  the 
resulting  curve  beiisg  the  one  shown  for  p  2  in  Figure  2.  !Io  provide 
some  indication  of  the  sensitivity  of  the  acceptance-inspection  pro¬ 
cedure  to  changes  in  the  value  for  &,  the  shape  parameter,  operating 
characteristic  curves  have  been  prepared  and  presented  in  Figure  2 
using  the  seme  plan  and  the  same  value  for  t,  but  with  other  values 
for  p,  values  of  1  and  4  with  the  value  1  representing  the  e:g)onential 
distribution  commonly  asstnaed  in  reliability  work. 


P'  (in  i>) 

P(A) 

tz(t)  X  100 

Z(t) 

•  5 

.99 

1.002 

2.00  X  10"^ 

.8 

.98 

1.606 

3.21  X  10”5 

1.0 

.97 

2.010 

4.02  X  10"5 

1.2 

•95 

2.1H4 

4.83  X  10“5 

1-5 

.90 

3.022 

6.04  X  10"5 

2.0 

.80 

4.040 

8,08  X  10“5 

2.5 

.68 

5.064 

10.13  X  10“5 

3.0 

•55 

6.092 

12.18  X  10“^ 

k.O 

•33 

8,164 

16.33  X  10”^ 

5.0 

.17 

10.258 

20.52  X  10"5 

6.5 

.06 

13.442 

26.88  X  10”5 

8.0 

.02 

16.676 

33.35  X  10"5 

P  =  2  n  115  c  =  3  t  =  500 


(V)d  -  eDU94.d0DOV  A+i|iqeqoJd 


Figure  2.  Operating  Character  I  *tic  Curves  for  n»ll5  c«5 


In  connection  with  this  example  it  may  be  well  to  note  that  any 
double-saii5)litig  or  multiple -sampling  plan  that  ’^matches”  the  single¬ 
sampling  plan  in  ordinary  attributes  san5)ling— that  is,  for  vhich  the 
same  P(a)  values  are  associated  with  each  value  for  p’— will  provide 
the  same  operating  characteristics  in  terms  of  hazard,  Z(t),  For 
the  plan  used  in  this  illustration,  for  example,  a  matching 
double -sampling  plan  is  one  for  Tfdiich  the  first  sample  size  is  75  and 
and  the  second  150,  with  an  acceptance  nxamber  of  1  and  a  rejection 
number  of  6  for  the  firet  sample  and  an  acceptance  number  of  5  and  a 
rejection  number  of  6  for  the  combined  samples.  Ohe  only  changes  in 
procedure  required  will  be  those  normally  associated  with  multiple 
sampling  plans.  Die  value  for  t  specified  for  single  sanpling  will  be 
used  for  both  the  first  and  the  second  sample.  Double -sanpling  and 
multiple-sanpling  offer  excellent  opportunities  for  reducing,  over  the 
long  run,  the  average  amoiint  of  acceptance  inspection.  However,  in 
testing  for  life  and  reliability  the  added  elapsed  time  required  for 
testing  when  a  second  or  subsequent  sample  is  required  may  be  a  serious 
obstacle  to  application  of  this  form  of  sampling. 

Example  (2) 

Another  possibility  for  use  of  the  basic  factors  is  in  the  design 
of  an  acceptance  sampling  plan  to  meet  specified  requirements.  Consider 
the  case  of  a  manxifacturer  vho  is  to  purchase  in  large  quantities  a 
certain  electronic  component.  Experience  in  the  testing  and  use  of 
this  conponent  has  indicated  the  Weibull  distribution  applies  well  as 
a  statistical  model  with  a  value  for  P,  the  shape  parameter,  of  1  1/3 
and  for  y  ,  the  location  parameter, of  400  hours.  A  test  period  for 
sample  items  of  1200  hours  has  been  agreed  upon.  Experience  iTith  the 
product  has  further  indicated  that  a  competent  supplier  should  be  able 
to  submit  lots  for  which  the  hazard  at  1200  hours  is  .000044  (per  hour). 
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Accordingly  this  value  for  Z(t)  is  to  be  adopted  as  the  Acceptable 
Hazard  Rate  (AHR)  and  a  plan  is  desired  for  idiich  acceptance  Is  virtually 
certain,  say  with  P(A)  =  *99 >  a  is  this  good  or  better,  lhat 

1s^P(A  I  AHR)  ^  .99  uhere  AHR  =  .00004*f  at  1200  hours.  B\arthennore, 
the  user  has  ascertained  that  if  the  hazard  for  a  lot  or  shipment 
is  .000155  (per  hour)  or  more,  use  of  the  components  ^rill  lead  to 
much  difficulty.  Ihus  a  low  probability  of  acceptance,  say  .05  or 
less,  is  desired.  Accordingly  the  Rejectable  Hazard  Rate  (RHR)  is 
.000155  at  t  »  1200  and  a  P(a|RHR)  ^  .05  is  specified, 

The  first  step  in  the  design  of  the  plan  is  to  subtract  the  value 
for  7  ,  the  location  parameter,  from  the  time  t  to  give  a  new  time, 
t^,  in  terms  of  7  «  0.  Accordingly,  t^  =  t  -  7  or  t^  =  1200  - 
400  *  800  hours.  The  next  step  is  to  compute  the  t^zCt^)  x  100 
product  at  both  the  Acceptable  Hazard  Rate  and  the  Rejectable  Hazard 
Rate,  using  the  value  determined  for  t^.  Baese  are: 

t^Z(to)  X  100  *=  800x,0C0044  X  100  :=  3.52  (at  the  AHR), 

t^Z(tQ)  X  100  =  800  X  .000155  X  100  =  12.4  (at  the  RHR). 

(32) 

With  the  use  of  Table  2  these  computed  values  can  now  be  applied 
to  determine  the  probability,  p '  ,  of  an  Item  failing  before  the  end 
of  1200  hours  (t^  =  800)  under  both  the  above  conditions.  These 
values  (for  p  -  1  I/3)  may  be  read,  througb  linear  interpolation,  as: 

p*  *  2.605  or  roughly,  2.65t  (at  the  AHR), 

p*  «  8.87  ^  or  rou^ly,  8.91^  (at  the  RHR)  (13) 

Finally,  a  scHupllng  plan  may  be  determined,  using  procedures 

commonly  oaoployed  to  design  san^ling  plans  of  the  usual  form  for 

attribute  inspection.  For  this  case  a  plan  is  reQ.uired  for  which 
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P(A)  ^  .99  vhen  p'  =  2.6?t  and  for  ^ich  P(a)  S  .05  idien  p*  =  8.9^^. 
Making  use  of  factors  prepared  l?y  Cameron^  (tdiich  are  based  on  the 
Poisson  distribution)  it  will  be  foiind  that  an  acceptance  number,  c, 
of  10  will  provide  most  closely  the  required  characteristics  and  that 
a  sanqae  size  of  l84  will  give  a  P(a)  «  *99  if  p*  =  2.6^t.  A  check 
using  other  factors  supplied  at  the  some  source  indicates  P(a)  =  .05 
if  p’  =  9«2^*  Similar  results  for  n  and  c  may  be  obtained  by  using 
the  beta  probability  chart  (which  is  based  on  the  binomial  distribution) 
given  by  Kao^.  lEhus  this  plan^  n  =  l84,  c  =  10,  t  =  1200,  meets 
closely  the  specifications. 
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SECTION  3 


THE  TABLES  OF  SAMPLING  PLANS 

3>1  Construction  and  Use  of  the  Basic  Tables. 

An  extensive  collection  of  saiqpllng  plans  has  been  designed, 
with  a  separate  table  prepared  for  each  of  the  eleven  representative 
values  for  0  for  which  the  relationship  between  tz(t)  and  p*  has  been 
determined*  These  tables  of  plans  will  be  found  at  the  end  of  this 
report  as  Tables  3a  through  3k. 

Each  table  lists  208  single -sampling  plans,  with  the  acceptance 
number,  c,  and  the  corresponding  sample  size,  n,  given  for  each.  The 
plans  have  been  cataloged  in  terms  of  a  Rejectable  Hazard  Rate  (RHR) 
under  the  assumption  that  for  con5>onents  for  which  the  quality  of 
interest  is  reliability  or  lifelength,  consumer  protection  will  be  of 
most  conern.  The  figure  in  each  column  heading  is  the  tz(t)  x  100 
product  for  which  the  probability  of  acceptance  under  the  sampling 
plans  in  that  column  is  .10  or  less.  Ebqpressed  otherwise,  the  column 
headings  are  percent  values  of  t  x!  RHR,  and  for  the  plans  below  each 
the  P(A  ‘I  RHR)  S  .10. 

However,  the  tables  also  provide  guidance  for  selection  and 
evaluation  of  plans  in  terms  of  the  Acceptable  Hazard  Rate,  (AHR). 
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H>e  n5„re  I.  p,r„«.e»s  telo,  the  8a«,le  elte  „„t„,  «,  each 

»hh  ■  1 .  the  ter  cent  value  or  t  *  Mffi  product  tor  ohleh  the  proh- 
abUlty  Of  oeccptMoe  le  .95  or  „jth  the  uee  of  the.e  value., 

a  Pl«.  CM.  be  .elected  1„  tern,  of  ^  Pcceptable  He.ard  Bate  If  oue 
.0  deelree.  lo  ah,  the  too  tz(t)  x  100  product,  bro^ll,  de«,rlbe 
the  OKretlog  ch.ract.rl.tlc.  of  the  pdao  ,!«  .btch  the,  are  ..delated. 
Ihey  thus  provide  a  basis  for  the  appropriate  choice  of  a  plan,  or 
for  deteiMhlog  the  operatlog  characteristics  of  a  plan  that  ha.  been 
SKclfled  or  1.  being  applied.  Illustrative  exaiwle.  of  the  use  of 
the  tobies  Of  pun.  ,1U  be  found  belou.  tz(t)  x  100  table  value, 

to  .utch  co^ited  or  given  ,.i«.  oanoot  be  found,  linear  l.terpcdatlon 
betoeen  table  values  that  are  avalUbu  »ill  give  solutions  that  are 
preclK  enough  for  nost  practical  purposes. 

JbCK  Plans  have  been  designed  under  the  .ss»ptlon  that  the 
else  of  aie  Kapu  ulu  be  relatively  Bull  CcBpated  to  the  site  of 
the  lot  (an  assuBptlon  Imposed  under  alxo.t  aU  other  Kblliied  Kt. 

Of  plans).  Ooher  this  ossuaptlon  the  nunber  of  failures  prior  to 

tlK  t  approxlmtes  the  buoshal  distribution..  BlBxtlal  tables  c«- 
Plled  by  Orubb.7  vero  used  to  prepare  sc».  of  the  plans,  those  for 
values  for  c  fr«  0  to  9  and  for  values  for  „  up  to  150,  Per  values  for 
c  fro.  10  to  15  and  for  n  up  to  60  or  so,  Pearson's  tabu,  of  the  Incot- 

plete-bet.  function  »erc  used.  Plana  re,ulrlns  hlghu- values  for  n 

vere  detenlned  by  using  the  Poisson  approxlnatlon,  „se  cf  tables  ' 

prepared  by  os«ero„.5  ^ 

RJlsson  the  neteh  In  values  for  n  »as  cheeked  and  found  to  be  close.  Ute 
slight  differehcos,  usually  1  or  2  Itens,  that  »ere  found  Kro  on  the 
ccoservatlve  side,  the  value  for  the  »B«ae  sIk  beUg  slightly  larger 

than  the  Size  theoretically  required. 
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Exang)le  (3) 

A  receiving  inspecticm  plan  is  recuired  for  a  certain  product. 
Experience  has  indicated  a  value  for  P  of  2/3  can  he  assmed  and  a 
value  for  y  of  0»  It  has  been  determined  that  lots  with  a  hazard  rate 
of  .00005  (per  hour)  at  1000  hours  of  use  for  the  product  will  be 
considered  an  unsatisfactory  rate  and  *  can  be  used  as  an  KHR  value. 

The  test  time  for  sample  items  will  be  1000  hours,  the  same  value  for 
t  used  In  specifying  the  RHR.  Testing  facilities  are  available  to 
test  as  many  as  200  items  at  one  time. 

Computation  of  the  tz(t)  x  100  product  at  tlie  RHR  gives  1000  x 
,00005  X  100  or  5*0.  Plans  for  this  value  must  now  be  foun.d  in  Table 
3c,  the  table  of  plans  for  p  =  2/3-  Any  plan  under  the  column  headed  by  the 
value  5  will  give  a  pordbability  of  acceptance  of  not  more  than  .10  at  the 
RHR  value  of  . 00005 .  If  full  use  is  to  be  made  of  the  testing 
facilities,  the  plan  with  an  acceptance  nuniber,  c,  of  9  and  a  sample 
size,  n,  of  197  Jaay  *be  employed.  With  this  plan,  the  tz(t)  x  100 
product  for  a  P( A)  =  .95  is  1.8.  Simple  substitution  in  the  product 
gives  1000  X  Z(t)  x  100  =  1.8  from  which  it  will  be  found  that  Z{t)  = 
.000018,  If  the  producer  submits  product  with  this  hazard  rate  or 
less  (at  1000  hours),  his  risk  is  low;  the  probability  of  acceptance 
will  be  hi^,  namely  .95  or  more. 

Example  (4) 

Consider  another  application  for  which  a  plan  is  to  be  selected. 

In  this  case,  p  ==  1  I/3  and  7  =  1250  hours.  A  Rejectable  Hazard  Rate 
of  .000020  and  an  Acceptable  Hazard  Rate  of  .000008,  both  measured  at 
2000  hours  seem  to  be  most  suitable.  The  test  time,  t,  is  also  to  be 
2000  hours. 
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since  p  =  1  1/3  can  be  assumed,  a  plan  frdn  Table  3®  can  be  used. 
First,  a  new  time,  t^,  in  terms  of  7  =  0  must  be  fo\md.  From  t^  » 
t  -  y  or  t^  a  2000  -  1250,  a  value  for  of  750  hours  is  found.  Ne::t, 
the  tQZ(tQ)xl00  products  at  the  AHR  and  the  RHR  can  be  coiK(puted,  using 
t©  or  750  hours.  Biey  are: 

750  X  .000020  X  100  a  1.5  (at  RHR) 

750  X  .000008  X  100  a  .6,  (at  AHR)  (ik) 

Any  plan  in  Table  3e  under  the  column  headed  by  the  product  I.5  Td.ll 
meet  the  RHR  requirement.  Scanning  this  column  in  terms  of  the  products 
in  parentheses,  the  plan  using  an  acceptance  number,  c,  of  10  and  a 
sanqple  size,  n,  of  I380  is  selected.  For  this  plan,  the  P(a|rhr)  =  .10 
and  the  P(a|ahr)  =  .95,  the  probabilities  of  acceptance  being  these 
figures  at  the  designated  hazard  rates  and  at  a  life  of  2000  hours. 

3.2  Pie  Dependence  of  Operating  Characteristics  on  Sample  Size 

An  interesting  and  someTdiat  useful  characteristic  of  the  form  of 
plans  presented  in  this  report  is  that  the  ability  of  a  plan  to  dis¬ 
criminate  between  good  and  bad  lots  depends  on  the  size  of  the  acceptance 
number  rather  than  on  the  size  of  the  sample;  operating  characteristic 
curves  become  steeper  as  the  magnitude  of  the  acceptance  nuniber  is 
increased  rather  than  becoming  steeper  as  the  size  of  the  sample  is 
increased  as  under  the  usual  foims  of  saznpling  inspection.  For  given 
magnitudes  for  consumer  and  for  producer  risks  at  the  Rejectable  Hazard 
Rate  and  the  Acceptable  Hazard  Rate  respectively,  a  nearly  constant 
ratio  between  the  Re Jectahle  Hazard  Rate  and  the  Acceptable  Hazard  Rate 
will  be  found  for  any  given  value  for  the  acceptance  number.  For  the 
collection  of  plans  presented  here, the  ratio  is  constant  (for  all 
practical  purposes)  for  all  plans  for  which  the  tZ(t)  x  100  value 


if 

at  the  RHR  is  joore  than  5*  For  values  less  than  5 >  there  is  a  slight 
decrease  in  the  ms^itude  of  the  ratio  as  saiople  sizes  become  increas¬ 
ingly  small,  but  not  enough  to  be  significant  for  practical  purposes. 

Not  only  is  the  ratio  between  the  Rejectable  Hazard  Rate  and  the 
Acceptable  Hazard  Rate  constant  for  any  given  value  for  c,  but  any 
ratio  computed  for  anjr  given  pair  of  consumer  and  producer  risks 
applies  for  all  values  for  P;  the  ratio  does  not  depend  on  p  as  is 
the  case  for  the  Weibull  sampling  plans  that  test  lots  in  terms  of 
mean  Item  life . 

A  table  of  hazard  rate  i*atios  for  values  of  c  from  0  to  15  has 
been  prepared  for  a  number  of  alternatives  for  consumer  risk  and 
producer  risk  values,  They  are  presented  as  Table  4.  As  indicated, 
the  figures  in  the  body  of  the  table  are  approximate  values  for  RHR/ 

AHR  for  each  value  for  c  for  the  acceptance  probabilities  indicated 
in  the  table  headings,  Ihe  use  of  this  table  will  be  described  by 
giving  two  examples. 

Example  (5) 

Consider  the  case  described  in  Example  2  in  which  the  desired 

sai)i5)ling  plan  was  to  give  a  probability  of  acceptance  of  .05  or  less  if  the 

hazard  rate  was  .000155  and  a  probability  of  acceptance  of  .99  or  mci  e  if  the 

hazard  rate  was.000044,  That  is  the  P(A  |  RHR)  s  ,05  and  P(A  1  AHR)§ 

*99*  In  using  this  table  (Table  4)  one  first  determines  the  value  for 

the  ratio  RHR/AHR  >?hich  is  ,000155/. 000044  or  3.52.  Next,  the  table 

is  scanned  in  the  colvonn  giving  ratios  for  P(A  |  RHR)  *  .05  and 

P(A  I  AHR)  =  .99i  looking  for  a  value  close  to  tile  cec^iuted  ratio,  A 

value  close  to  it,  3.5^^  is  found  opposite  c  =  10,  Ihus  an  acceptance 

number  of  10  will  be  required.  Ibis,  it  will  be  noted,  is  the 

acceptance  number  that  was  determined  in  other  ways  in  the  previous 
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exangile.  Table  4  provides  a  ^ulck,  sbort-cut  way  of  finding  c,  the 
acceptance  nuniber  for  any  application  (within  the  limits  of  the  table). 

Example  (6). 

A  plan  is  required  for  a  product  for  which  p  =  3  I/3  and  7=0, 
for  ^Ich  a  Rejectable  Hazard  Rqte  of  .0005  per  hour  has  been  estab¬ 
lished,  and  for  idiloh  a  p(a  1  RHR)  &  .10  will  be  satisfactory.  The 
test  time,  t,  is  to  be  50  hours.  Furthermore,  a  high  probability  of 
acceptance,  .99,  is  required  at  the  Acceptable  Hazard  Rate,  vhich  has 
been  established  as  .0001  per  hour. 

Bie  tZ(t)  X  100  product  at  the  RHR  is  50  x  .0005  x  100  or  2.5. 
Referring  to  .Table  3i  which  contains  plans  for  p  =  3^^  any  pign  in 
the  column  with  the  2.5  value  heading  will  give  the  RHR  risk  of  s  .10 
specified,  ihe  one  to  select  can  be  determined  by  use  of  Table  4. 

3he  RHR/AHR  ratio  for  this  case  is  .0005/. 0001  or  5.  At  a  P(A  |  AHR) 
s  .10  and  a  P{A  |  AHR)  S  .99,  Table  4  indicates  an  acceptance  number, 
c,  of  5  will  give  most  closely  the  operating  characteristics  desired. 
Ohe  RHR/AHR  ratio  has  a  value  of  5. 20  which  is  close  to  the  value  of 
5  obtained  for  the  specified  rates.  Thus  the  plan  to  use  is  the  sixth 
one  down  in  the  column  (headed  2.5)  in  Table  3i,  the  plan  for  which 
c  =  5  and  n  =  1240. 

3-3  Differences  in  Lifetesting 

In  order  to  prepare  tables  of  factors  and  sampling  plans  for 
general  use,  it  has  been  necessary  to  assume  that  the  lifetesting 
time  for  sainple  items  will  be  the  same  as  the  time,  t,  at  ;dilch  hazard 
rates  are  specified  or  are  to  be  determined.  However,  a  simple  modifi¬ 
cation  of  the  procedure  can  be  made  to  allow  for  cases  in  which  the 
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two  times  do  differ.  All  that  must  be  done  is  to  determine  the  hazard 
rate  at  the  test  truncation  time  which  corresponds  (for  the  value  for 
P  that  applies)  to  the  hazard  rate  at  the  specification  time. 

A  table  of  hazard  rate  ratios,  Table  5i  bas  been  prepared  for 
making  this  conversion.  Bae  table  gives  for  various  values  of  t^/t^ 
values  for  the  ratio  z{t^)  /  Z(t, )  for  all  the  Rvalues  concerned 
in  this  study.  Also,  a  chart  has  been  prepared,  Figure  3^  showing 
the  relationship  between  hazard  rate  and  time  for  the  same  valties  for 
p.  Ihe  tiro  may  be  used  interchangeably,  the  chart  being  useful  for 
cases  in  which  table  valuies  are  not  available  and  the  table  being 
useful  when  more  precision  is  required  and  one  of  the  tabulated  table 
values  applies  to  the  case  at  hand.  If  Z(t2)  represents  a  specified 
hazard  rate  and  t^  the  time  at  *vrtiich  it  is  specified,  then  Z(t^)  can 
be  used  to  represent  the  corresponding  hazard  rate  at  some  other  time, 
t^.  Ihe  table  can  also  be  used  for  cases  in  ^ich  the  test-tanmcation 
time  is  greater  than  the  time  at  idiich  the  hazard  rate  is  specified 
(if  such  cases  are  encountered).  All  that  need  be  done  in  such  cases 
is  to  reverse  the  meanings  given  to  the  subscripts  1  and  2.  Conversion 
from  one  hazard  rate  to  another  or  from  one  time  to  another  when 
necessary  to  make  use  of  the  factors  and  plans  presented  here  is  qxiite 
easy,  as  will  be  shown  in  the  example  \diich  follows. 

Exarole  (7) 

A  plan  is  required  for  a  case  for  which  a  hazard  rate  specified 

as  an  RHR  (at  a  P(a)  =  .10)  is  .000375  at  4000  hoiars.  Ho^rever,  a  test 

truncation  time  of  1000  hours  must  be  used.  A  sampling  plan  in  terms 

of  the  specification  but  using  the  Sorter  testing  time  is  reqiiired. 

A  value  for  p  of  1  2/3  and  for  r  of  0  can  be  assumed. 

-2i|- 


ae  value  for  tg/t^  in  this  case  is  l»000/l000  =  4.  Reference  to 
Table  5  indicates  for  this  ratio  and  for  P  =  1  2/3,  that  the 

zCtg)  /  Z(tj^)  ratio  is  2.52.  Substitution  of  .000375  (the  RHR)  for 
zCtg)  gives  .000375  /  Z(tj^)  =  2.52  or  Z(tj^)  =  .00015.  Ohis  equivalent 
value,  Z(t^),  of  .00015  »ay  now  be  used  to  select  a  plan  to  use  with 
the  1000  hour  testing  time,  tte  product  tZ(t)  x  100  to  apply  Is  thus 
1000  X  .00015  X  100  >=  15.  A  plan  may  now  be  selected  from  those  given 
in  Thble  3f  f or  P  =  1  2/3.  Any  plan  under  the  column  with  a  heading 
value  of  15  will  meet  the  RHR  requirement.  Suppose  testing  facilities 
are  available  for  as  many  as  15O  saiople  items  and  so  the  plan  for  which 
c  =  8  and  n  ■=  149  is  to  be  applied.  A  reversal  of  the  above  pro¬ 
cedure  can  be  used  to  make  use  of  the  tZ(t)  x  100  product  given  (in 
parentheses)  for  this  plan  in  Table  3f  for  a  P(A)  k  .95  to  determine 
the  Acceptable  Hazard  Rote.  The  product  tz(t)  x  100  is  5  .4.  At  the 
shortened  testing  time  of  1000  hours,  1000  Z(t)  x  100  -  5.4  or  Z(t)  = 
.000054.  For  lots  with  this  hazard  rate  at  1000  hours,  the  P(A)  k  .95. 
The  corresponding  hazard  rate  at  4000  hours  can  be  found  from  the 
hazard  ratio  obtained  from  TSable  5.  Since  Z(tg)  /  Z(tj^)  =  2.52, 

Z(tg)  /  .000054  =  2.52  or  Z(t2)  =  .000136.  IiOts  with  this  hazard 
rate  at  4000  hovirs  have  a  probability  of  .95  or  greater  of  acceptance; 
the  rate  can  be  used  as  the  Acceptable  Hazard  Rate  at  this  specified 
time. 
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SECTION  Is- 


AVERAGE  HAZARD  HANS 

Tlie  average  hazard  over  any  specified  time  period  iqa  to  t, 
vhich  is  denoted  by  in(t)>  may  be  expressed  as, 

=  I  it  2(y)ay  =  M(t)y 

^  •  t  (15) 

^4iere  Z  is  the  hazard  function  defined  by  Equation  (l)  and  M(t)  is 
called  the  cumulative  hazard  over  t.  For  a  lifelength  distribution 
"idiich  starts  at  time  y  (the  tbre^old  or  location  parameter),  the 
lower  limit  of  the  integral  M(t)  should  be  y  \diich  is  assumed  to  be 
zero  in  this  report. 

Follo^d.ng  from  Equation  (Al4)  of  Appendix  A,  the  probability  of 
a  sample  item  failing  before  the  end  of  the  test  time  t  is  then, 

p‘  «  F(t)  =  l-e:(p  [-  tm(t)  ],  t>0,  {l6) 

Prom  this,  it  may  be  noted  that 

tm(t)  =  -  In  {l-p*)i  0  <  p*  <  1.  (17) 

^ese  two  equatioias  form  the  basic  relation^ip  for  the  design 
or  evaluation  of  the  attribute  sampling-inspection  plans  using  the 
average  hazeird,  m(t)  as  a  life  quality  criterion.  By  direct  comparison 
of  these  two  equations  with  Equations  (8)  and  (9),  it  may  be  noted  that 
m(t)  plays  the  role  of  z(t)  with  P  =  1.  For  this  reason,  no  addi tonal 
tables  need  be  prepared  for  sampling  plans  vtiere  the  average  hazard, 
m(t)  is  specified.  Furthermore,  since  Equations  (l6)  and  (ij)  are  valid 
for  any  arbitrary  distribution,  the  sampling  plan  based  upon  the  average 

-27- 


If 


hazard  is  non-par aioetric/  l.e.,  distribution- free. 

Nevertheless  it  is  useful  to  e<iuate  Equation  (l6)  with  the  ex¬ 
ponential  c.d»f.,  F(t)  =  1-e^^^  =  1-e*^^  ,  for  ,  X  >  0,  end  to 

note  that  m(t)  =  X.  Writing  this  conversely  by  letting  m  ^  be  the 
inverse  function  of  m, 

t  =  (X)  =  (18) 

where  is  called  the  hazaxd-breakeven  time.  For  any  lifelength 
distribution  with  a  monotonically  decreasing  (or  increasing)  failure 
rate  or  hazard  rate  in  time,  the  ,  the  hazard-breakeven  time  represents 
the  point  in  time  when  the  avereige  hazard  of  the  lifelength  distribution 
under  consideration  is  equal  to  the  specified  constant  hazard  (for  the 
exponential  case).  But  when  monotonicity  assumption  is  removed, 
then  there  may  be  multiple  solutions  for  Equation  (l8),  depending  upon 
the  nat-ure  of  m(  t ) , 

For  maintainable  equipment,  in  contrast  to  the  so-called  one-shot 
equipment  such  as  a  fired  missile,  the  average  heizard  for  the  component 
therein  represents  the  average  amount  of  replacement  necessary  to  keep 
the  equipment  in  operation.  Hence  it  is  significant  to  consider  the 
hazard-breakeven  time.  If  X  is  the  tolerable  average  hazard,  then  for 
a  component  with  a  monotonically  decreasing  failure  rate,  means  the 
equipment  break-in  time,  ^ile  for  a  component  with  monotonically  in¬ 
creasing  failure  rate,  means  equipment  retirement  time.  Two  numerical 
examples  will  follow. 

Example  (8) 

Suppose  the  lifelength  distribution  is  of  the  Weibxill  form. given 
by  Equations  (3)  and  (4),  then  Equation  (l?)  becomes, 

tm(t)  =  (t/n)^ 
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and  Eqtuatlon  (l6)  beccmes^ 

(20) 

where  a  =  t>^  Is  the  ouasl-scale  paraneter  of  the  WeibuU  distribution^ 
Consider  the  case  of  a  manufacturer  idio  is  producing  a  certain 
electronic  cotuponent.  Experience  has  indicated  that  a  Weibull  dis¬ 
tribution  with  r  =  0,  p  =.  1/3,  and  t)  =  1»2.875  x  10^ (or  a  =  3,500) 
applies.  A  customer  specifies  a  value  for  X  =  6;^  per  thousand 
hours.  Hie  hazard-brealceven  tima  in  this  case  is  conqputed  as 
follows.  The  per  hourvalue  for  X  Is,  X  =  o.o6/  iOOO  ?=  5  x  10*^ 

(per  hour).  Substituting  this  into  Equation  (20)  gives, 

\  =  (3,500  X  6  X  10"5)  -(3/2)  =  10.39  hours. 

2hat  is,  if  the  equipment  in  \diich  the  component  is  to  be  installed 
is  allowed  to  break-in  for  a  period  of  approximately  ten  hours,  then 
thereafter  the  average  hazard  of  the  component  will  be  less  than  that 
specified  by  the  customer— a  very  comforting  assurance. 

Exasgle  (9) 

S'ippose  the  manufacturer  in  Exaiaple  (8)  has  decided  to  truncate 
the  lifeteat  at  1000  hours  and  desires  a  sampling  plan  \dilch  will 
accept  with  high  probability  (say  .98).?  lots  having  an  average  hazard 
of  0.6^  /  1000-hrs.  and  reject  with  hi^  probability  (say  *90)^ 
lots  having  an  average  hazard  of  one  order  of  magnitude  higher  (i.e., 

6^/  lOOO-hi’s.  )•.  In  this  case,  the  producers  risk  is  2^t  and  the 

consumer’s  risk  is  lOjt  \diich  gives  a  $0$  confidence  coefficient  of 
shipping  products  with  6$  /  1000-hrs.  or  better  average  hazard. 
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Bie  values  for  'te(t)  ::  100  are  0*6  end  6.0  at  P(A)  =  .98  and 
P(a)  =  .10  respectively.  ESy  linear  Interpolation  in  Table  2  for  P  =  1, 
tbe  follo^rfng  values  for  p'  are  found: 

At  P(a)  =  .98,  p'  =  .00597  or  apprOx.  0.656 

At  P(a)  =  .10,  p'  =  .05821  or  approx.  5.856  (21) 

The  sanqple  size,  n,  and  the  acceptance  number,  c,  of  the  desired  sampling 
plan  may  he  determined  from  the  requirements  specified  by  Equation  (2l). 
The  use  of  the  beta  probability  chaxt^  gives  c  +  l  =  3,n-c  =  90^ 


SECTIONS 

ATAPTATION  OF  TSE  MIL-STD-105C  PLANS 

5.1  Use  of  the  MIL^STD-lOgC  Plans  for  Life  and  Reliability  Testing 

in  scane  cases  it  may  be  advantageous  to  en^^loy  the  familar  Military 
Standard  105* plans  for  reliability  and  lifetesting  applications.  To 
make  this  possible,  the  basic  conversion  factors  described  In  Section  2 
have  been  employed  to  find  tz(t)  x  100  products  for  all  the  plans  in 
the  MIL'-STD-105C  collection.  Just  as  for  the  basic  tables  of  plans 
described  in  Section  3#  separate  tables  of  products  have  been  prepared 
for  each  of  a  number  of  selected  values  for  p,  the  Weibull  shape 
parameter.  Ihe  special  case  for  p  =  1,  which  is  the  e^qponential  case, 
has  been  included. 

Ihe  acceptance  procedure  to  be  used  is  the  same  as  that  employed 
for  the  basic  plans  and  as  outlined  in  Section  1.3*  For  single  sampling 
the  steps  are  (a)  select  a  suitable  sajipling  inspection  plan,  making  use 
of  the  tables  of  products  provided,  (b)  draw  at  random  a  sample  of  n  items 
as  specified  by  the  plan,  (c)  place  the  sample  items  on  life  test  for 
the  specified  period  of  time,  t,  (d)  deteimlne  the  number  of  sample  items 
that  fail  during  the  test  period^  (e)  compare  the  number  of  items  that 
fail  with  the  acceptance  number,  c,  specified  for  the  plan,  and  (f)  if 
the  number  that  fail  is  equal  to  or  less  than  the  acceptance  number, 
accept  the  lot;  if  the  number  failing  exceeds  the  acceptance  number, 
reject  the  lot. 

Both  the  sample  sizes  and  the  acceptance  n\mibers  dsed  wil3.  be 
those  specified  for  the  MIL-STD-105C plans.  For  convenience,  the  single- 
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saaq^le  sizes  and  the  corresponding  acceptance  numbers  have  been  Included 
in  this  report  and  will  be  found  in  Table  7*  Single  sampling  will 
presumably  be  usdd,  but  by  simple  modification  double  sampling  or 
multiple  sampling  can  be  used  if  desired.  It  may  be  noted  that  the 
acceptance  procedure  for  any  form  of  saii:50.ing  is  the  same  as  that 
specified  for  the  MIL -STD-IO5.C  plans  with  the  single  exception  of  the 
use  of  a  test  truncation  time,  t* 

The  selection  of  a  suitable  plan,  the  determination  of  operating 
characteristics  in  terms  of  hazard  rate  for  a  specified  plan,  and  the 
determination  of  an  appropriate  life-testing  time  are  all  made  through 
use  of  the  tables  of  products  x/hich  will  be  found  at  the  end  of  this 
report.  for  making  use  of  these  tables  will  be  discussed  in  the 

section  that  follows  and  in  the  accQn5)anying  illustrative  examples. 

It  may  be  noted  that  the  probability  of  acceptance  for  a  lot  under 
the  procedure  outlined  above  depends  only  on  the  probability,  which  may 
be  designated  by  p',  of  on  item  failing  before  the  end  of  the  test  period, 
t.  The  actual  life  at  which  an  item  fails  need  not  be  determinedi  inspec¬ 
tion  is  on  a  attribute  basis.  For  this  reason  it  is  possible  to  use  the 
IO5B  plans  to  evaluate  submitted  lots  in  terms  of  hazard  rate,  Z(t),  at 
some  specified  time,  t,  The  operating  characteristics  for  any  sampling 
plan  specified  by  c  and  n  depend  only  on  t  and  Z(t).  A  brief  outline  of 
the  mathematics  involved  in  the  procedure  will  be  found  in  Section  2.1. 

To  provide  a  procedure  of  simple  form  and  one  suitable  for  general 
use,  the  tables  of  factors  for  adapting  the  105 C  plans  to  use  in  terms  of 
hazard  rates  have  been  prepared  in  terms  of  dimensionless  products  of 
t  times  Z(t),  Actually,  in  order  to  give  figures  that  may  be  more 
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coQvenicn'tXy  the  tables  are  coniposed  of  tZ(t)  x  100  products*  Each 

of  the  105c  plans  is  cataloged  in  tenns  of  such  tz(t)  x  100  products. 

Ihese  product  values  are  to  be  used  in  much  the  same  way  that  percent 
defective  values  are  used  in  the  selection  and  application  of  plans  for 
ordinary  attribute  inspection.  With  t  and  Z(t)  specified;  all  that  must 
be  done  is  to  coao^ute  their  product  and  then  select  a  plan  in  its  terms. 

If  on  the  other  hand,  a  plan  (n  and  c)  and  a  test  truncation  time  (t) 
are  specified,  the  product  may  be  used  to  give  an  evaluation  of  operating 
characteristics  in  terms  of  hazard  rate,  Z(t).  Or,  alternatively,  the 
product  may  be  used  to  find  a  suitable  test  truncation  time,  t.  Examples 
of  such  application  of  the  factors  will  be  found  in  the  latter  part  of 
this  section. 

Ihe  Weibull  distribution,  one  will  recall,  is  a  three-parameter 
distribution,  requiring  a  location  or  threshold  parameter,  a  scale 
parameter,  and  a  shape  parameter  for  coroplete  description.  For  the 
procedure  and  plans  presented  here,  the  scale  parameter  need  not  be 
ascertained  or  known;  the  tz(t)  x  ICX)  product  contains  information  on  its 
magnitude.  For  the  location  or  threshold  parameter  (ccmmonly  symbolized 
by  the  letter  7),  a  value  of  zero  is  to  be  assumed  in  the  direct  appli¬ 
cation  of  the  products  and  the  procedure.  For  many  applications  a  7 
value  of  0  will  apply;  there  will  be  no  initial  period  of  life  free  of 
risk  of  failure,  This  assumption  is  equivalent  to  knowing  the  value  for 
gamma.  If  7  has  some  non-zero  value,  all  that  is  necessary  is  to  subtract 
the  value  for  7  from  t  to  obtain  a  value  t^  and  then  use  t^  rather  than 
t  in  working  with  the  tables  of  products.  Ihe  third  parameter,  the 
Weibull  shape  parameter  (i^ich  is  commonly  symbolized  by  the  letter  p) 
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must  be  known.  Ohe  products  depend  on  the  value  for  g  so  that  its 
inagnitude  must  be  kncnm  or  estimated  from  past  research,  engineering, 
or  inspection  data*  Separate  tables  of  products  have  been  provided  for 
each  of  eleven  values  for  g,  values  ranging  from  I/3  to  5.  The  assumed 
value  for  g=l  represents  the  special  case  of  the  exponential  distribution 
and  so  may  be  used  when  this  distribution  seems  to  be  the  most  appropriate 
statistical  model.  Estimation  procedvures  for  g  or  7  are  available  and 
may  be  found  in  the  papers  by  Kao  ^2),  (22)^ 

One  final  point  of  procedure  must  be  mentioned.  It  is  that  for  the 
direct  use  of  the  tables  of  products,  the  item  life  at  which  the  hazard 
rate  is  measured  or  specified  and  the  life  at  which  the  testing  of 
saji5)le  items  is  truncated  are  assumed  to  be  the  same,  lhat  is,  the  t 
used  in  the  tz(t)  x  100  products  is  the  same  as  the  test  truncation,  time, 
t.  Howevery  if  the  life  at  which  hazard  rates  are  to  be  specified  or 
evaluated  must  differ  from  the  test  truncation  time,  a  simple  variation 
in  procedure  may  be  made  to  allow  for  any  desired  departure.  All  that 
must  be  done  is  to  find  (for  the  value  for  g  assumed)  the  hazard  rate 
at  the  test  truncation  time  that  corresponds  to  the  hazard  rate  at  the 
time  used  in  the  specification  or  at  which  lots  are  to  be  evaluated*  A 
table  of  hazard  rate  ratios  has  been  conipiled  for  this  purpose.  It 
will  be  found  as  Table  5  at  the  end  of  this  report.  The  method  for  its 
use  will  be  described  in  one  of  the  illustrative  examples  which  will 
follow. 

g.g  The  Tables  of  ProdiKits  and  Their  Use 

To  provide  the  necessary  data  for  using  the  105 C  plans  in  life  and 
reliability  testing  in  terns  of  hazard  rate,  eleven  tables  of  tz(t)  x  100 
products  have  been  prepared.  One  is  available  for  each  of  the  following 
values  for  g:  1,  l-J*,  if,  g,  g*^,  3*1*^  4,  and  5*  Ihese  values 


encompass  the  raxi^^e  of  shape  parameter  values  that  will  commonly  be 
encountered.  For  values  of  interest  for  ‘which  no  table  has  been  provided 
(but  ‘vri.thin  the  above  range ),  linear  interpolation  will  give  factors 
accurate  enough  for  most  practical  purposes.  Hhe  tables  of  factors  have 
been  included  at  the  end  of  this  report  as  ^fables  6a  ‘throu^  6k* 

Each  table  provides  tz(t)  x  100  products  for  each  IQJC.  plan,  that  is 
for  each  combination  of  Sample  Size  Code  Letter  and  Acceptable  Quality 
Level  the  105C  Standard  utilizes.  Ihe  factors  apply  not  only  to  the 
single -sampling  plans,  but  also  to  the  matched  double -sampling  and 
multiple- sampling  plans,  Hie  sample  sizes  corresponding  to  each  Sample 
Size  Code  Letter  and  the  acceptance  and  rejection  numbers  applying  to 
each  Acceptable  Quality  Level  as  found  in  the  IO5C  Standard  are  thus 
to  be  used  in  the  procedure  presented  in  this  paper. 

Across  the  top  of  each  table  will  be  found  tz(t)  x  100  products 
corresponding  to  each  of  the  Acceptable  Quality  Level  values  utilized  in 
the  105  c  tables .  Each  of  these  matched  tz(t)  x  100  products  provides 
for  all  of  the  lOJC  plans  of  the  corresponding  Acceptable  Quality  Level 
a  measure  of  lot  quality  for  which  the  probability  of  acceptance  is 
high.  Hae  producer’s  risk  will  be  low  with  its  actual  magnitude  being  the 
same  as  that  experienced  -under  normal  xise  of  the  105.C  plans.  It  will 
be  recalled  that  this  risk  varies,  being  as  low  as  .01  for  large  saii^Jle 
sizes  and  as  high  as  .20  for  small  sample  sizes.  Hie  risk  associated 
with  a  specific  plan  may  be  obtained  from  the  operating  characteristic 
curves  provided  in  the  105C  standard. 

Within  the  bod;^^  of  each  table  will  be  found  tz(t)  x  100  products  for 
each  plan  for  which  the  probability  of  acceptance  is  low.  In  each  case 
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t/his  probability  is  .10  or  less.  Ihose  products  losy  be  used  as  a  meaiiG  oi 
estimating  the  consumer's  risk  \7hen  a  Rejectable  Hazard  Rate  is  to  be 
determined  or  when  a  plan  is  to  be  selected  in  such  terms.  Thus  with 
pairs  of  factors  provided  for  use  in  terms  of  both  an  Acceptable  Hazard 
Rate  as  found  across  the  top  of  each  table  and  a  Rejectable  Hazard  Rate 
as  found  within  the  body  of  each  table  ^  plans  may  be  selected  or  evalviated 
in  terms  of  either  the  producer's  risk  or  the  consumer's  risk  or  both. 
Recently  a  revision"C”  of  MIL-STD-IO5  included.,  among  other 

things,  the  listing  of  LQ?PD  values  as  consumer's  protection  measures  as 
well  as  the  AQLj  values. 

The  interpretation  of  these  tz(t)  x  100  products  may  be  demonstrated 
by  means  of  a  simple  example.  Suppose  that  for  a  product  to  be  submitted 
to  acceptance  inspection  p  can  be  assumed  to  have  the  value  of  ^  and  7 
a  value  of  0.  Life  testing  of  sample  items  is  to  be  truncated  at  500  houi's. 
A  single- sampling  plan  for  Sanple  Size  Code  Letter  H  and  on  AQL  of  1.5^ 
has  been  specified  for  use  (n,  the  sample,  size  will  thus  be  35  and  c, 
the  acceptance  number,  l).  Reference  to  Table  6b  which  contains 
products  for  p  =  I/2  shows  that  the  tz(t)  x  100  product  at  the  Acceptable 
Quality  Level  of  1.5^  is  .756.  With  t  =  500  thus  500Z(t)  x  100  =  .756. 

Z(t),  the  hazard  rate,  con  thus  be  computed  as  z(t)  =  .756/(^00  x  lOO)  = 
.0000151  (per  hour).  Accordingly,  this  figure,  .OOOOI51,  can  be 
considered  as  the  Acceptable  Hazard  Rate  (as  measured  at  500  hours  of  Life). 
Next,  by  entering  the  body  of  the  table  at  Sample  Size  Code  Letter  H 
and  an  AQL  of  1.5/t,  the  tZ(t)  x  100  product  for  which  the  probability  of 
acceptance  is  low  (.10)  is  5.5.  Again  with  t  =  500,  500Z(t)  x  100  =5.5 
or  Z(t)  =  5*5y(500  x  100)=  .00011.  Thus  the  Rejectable  Hazsird  Rate  (at 
500  hours  of  life)  is  .00011  (per  hour).  These  tw  figures  found  for 
Z(t)  may  be  interpreted  thus,  (a)  lots  for  which  the  hazard  rate  for 
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items  at  5OO  hours  of  life  is  •0000151  per  hour  or  less  will  have  a 
high  probability  of  acceptance  (examination  of  the  OC  curves  in  the 
105c ‘Standard  indicates  the  probability  is  slightly  more  than  .90); 
lots  for  which  the  hazard  rate  for  items  at  500  hours  of  life  is  *00011 
will  have  a  low  probability  of  acceptance  (namely  .10  or  less). 

Example  (lO); 

A  purchased  electronic  component  is  to  be  inspected,  lot  by  lot,*  for 
lifelength  by  sampling  inspection.  The  MIL-STD^105C  plans  are  to  be 
employed.  The  lot  quality  of  interest  is  the  hazard  rate  at  a  life  of 
500  hours.  From  past  experience  with  the  component  it  has  been  determined 
that  the  Weibull  distribution  can  be  applied  as  a  statistical  model  and 
that  a  value  for  p,  the  shape  parameter,  of  2/3  can  be  assumed  and  a 

■  ■  ■  ■  i 

value  for  7,  the  location  or  threshold  paraineter,  of  0  can  be  expected. 
Normal  inspection  is  to  be  employed  and  the  lot  size  in  each  case  will 
be  3,000  items.  A  plan  employing  an  Acceptable  Quality  Level  (in  terms 
of  the  percent  defective  as  used  in  the  standard)  oji  4.0^  and  a  test 
period  of  500  hours  have  been  tentatively  selected,  with  single  sampling 
to  be  utilized  Under  these  given  conditions,  the  acceptance  procedure 
and  the  operating  characteristics  in  terms  of  hazard  rate  at  500  hours 
are  to  be  determined. 

By  referring  to  Table  III  of  MIL-STD-105C  it  will  be  found  that  for 
Inspection  Level  II  (which  is  customarily  employed  unless  there  aare 
special  reasons  for  doing  othexnyise)  and  for  a  lot  size  of  3^000, 

Sample  Size  Code  Letter  L  should  be  employed.  Next,  reference  to  Table 
IV-A  of  the  same  Military  Standard  or  to  Table  7  ot  this  report  shows 
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that  for  Sample  Size  Code  Letter  L  the  saji5)l€  size  for  single  sampling 
is  150  items.  Further  reference  to  this  lati  ir  Tahle  shows  that  for  the 
^■.0^  Acceptable  Quality  Level  selected  the  ac  :eptance  number  to  use 
is  11  and  the  rejection  number  12.  Ihe  acceptance -reject ion  procedure 

will  accordingly  be r  / 

/ 

(a)  Draw  at  random  from  the  lot  a  samj)  .e  of  150  items. 

(b)  Place  the  sample  items  on  life  tefi-,  for  50O  hours. 

(c)  Determine  the  nuiriber  of  sample  itrlns  that  fail  prior'  to  the  end 

of  this  test  period.  J 

(d)  If  the  number  that  fail  is  11  or  lesS;  accept  the  lot;  if  the 
number  that  fail  is  12  or  more,  rl  ject  it. 

Ihe  operating  characteristics  of  the  iiDove  acceptance  procedure  in 
terms  of  hazard  rate  can  be  determined  by  npference  to  Table  6c  which 
VTlll  be  found  at  the  end  of  this  report,  table  lists  tZ(t)  x  100 
products  for  application  when  ^  Examination  of  the  factors'  across 

the  top  of  the  table  (immediately  below  the  jAQiL  figures  in  p* 
that  at  4.05^  the  corresponding  tz(t)  x  100  rjatio  is  2.72.  With  t  =  5OO 
and  with  tz(t)  x  100  =  2.72,  the  hazard  rate!  is  thus  determined  by: 

I 

500Z(t)  X  100  =  2.72 

z(t)  = — -  =  .0000544  . 

500  X  100 

Ohls  figure  may  he  considered  as  an  Acceptable  Hazard  Rate  (AHR).  Bius 
if  the  quality  of  the  submitted  lot  is  such  that  the  hazard  rate  at  500 
hours  is  .0000544  (per  hour),  the  probability  of  its  acceptance  will  be 
high.  reference  to  Table  VI-L  of  the  Military  standard,  operating 
characteristic  curves  for  single  sampling  for  Code  letter  L  may  be 
found.  Bie  curve  for  a  k.Ofjl,  AQL  indicates  that  at  4.0;^  the  probability 
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of  acceptance  is  slightly  loore  than  ,$Q,  the  producer’s  rish,  then  for  lots 
for  which  the  hazard  rate  is  *00005^  at  500  hours  is  I.OO-.98  or  .02. 

A  Rejectahle  Hazard  Rate  (RHR),  a  rate  at  which  the  probability  of 
acceptance  will  be  low  under  the  above  plan,  may  also  be  determined  by 
further  reference  to  Table  6c  of  this  report.  In  the  body  of  this  table 
at  Sample  Size  Code  Letter  L  and  an  AQL  of  4.05^,  a  second  tz(t)  x  100 
product  for  the  application,  one  whose  vqXuq  is  7*9#  will  be  found.  This 
is  the  product  for  which  the  probability  of  acceptance  is  ,10  or  less. 

Using  t  =  500  and  mald.ng  another  simple  computation  gives: 

500Z(t)  X  100  =  7.9 

zi(t)  =  — 'Ll -  =  .00016 

500  X  100 

'Jhis  answer  may  be  considered  as  a  Rejectable  Hazard  Rate  (RHR),  If  the 
lot  quality  is  such  that  the  hazard  rate  is  .OOOI6  (per  hour)  at  500  hours 
of  life,  the  probability  of  acceptance  for  the  lot  will  be  low,  namely 
.10  or  less.  This  figure  quantifies  the  consumer’s  risk  at  the 
Rejectable  Hazard  Rate  of  ,000l6. 

Example  (ll): 

For  another  illustration  of  use,  consider  a  saapling  inspection 
application  for  which  an  Acceptable  Hazard  Rate  of  .000025  (per  hour) 
and  a  Rejectable  Hazard  Rate  of  .00015  (per  hour)  with  both  at*  1000. -hours 
of  life  is  required.  A  value  for  p  of  if  and  for  7  of  0  can  be 
assumed.  Ihe  test  time  for  sample  items  is  to  be  1,000  hours  with  double 
sampling  to  be  employed.  The  problem  is  to  select  from  the  MIL-STD-IO5C 
plans  the  one  that  will  meet  most  closely  these  requirements 
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Computations  at  the  Acceptable  Hazard  Rate  give  tz(t)  x  100  -  1,000 
X  .000025  X  100  =2.5,  Reference  may  now  be  made  to  Table  6f  of  this 
report  which  lists  tZ(t)  x  100  products  for  application  when  p  =  if. 

In  the  line  of  factors  across  the  top  of  the  table  (the  column  headings) 
the  factor  2.52  will  be  found  corresponding  to  a  1.55^  AQL.  Use  of  an;^'  plan 
Vith  tHis  AQfi  percentage  will  thus  meet  closely  the  Acceptable  Hazard 
Rate  requirement j  the  probability  of  acceptance  for  lots  meeting  this 
specified  figure  will  be  high. 

Computations  at  the  Rejectable  Hazard  Rate  give  tz(t)  x  100  =  1^000 
X  .00015  X  100  =  15.  E>:Qmination  of  the  column  of  products  for  the  1.5f 
AQL  figure  show  that  for  Satiple  Size  Code  Letter  J  the  tz(t)  x  100 
product  is  15.  Thus  use  of  this  Code  Letter  (with  the  AQL  value  selected) 
will  provide  a  lo^-;  probability  of  acceptance  (.10  or  less)  for  lots  at 
which  the  hazard  rate  is  .00015  at  1000  hours.  Any  105C  plan  (single, 
double/  or  multiple)  with  a  1,5  AQL  and  a  Sangple  Size  Code  Letter  J 
"iTill  meet  closely  the  operational  requirements. 

For  double  sampling,  reference  to  T^le  IV-B  of  the  105C  Standard 
indicates  the  first  sample  size  is  50  and  the  second  sample  size  is  100 
for  Letter  J*  At  the  AQL  value  of  1,5  the  acceptance  nxmiber  under  normal 
inspection  for  the  first  sample  must  be  1  and  the  rejection  number  6, 
for  combined  samples  the  acceptance  number  must  be  5  and  the  rejection 
number  6.  Other  details  of  the  acceptance-rejection  procedure  will  be 
those  customarily  employed  in  double  sampling.  It  should  be  noted  that 
the  life  testing  time  for  the  first  sample  must  be  1,000  hours;  likewise, 
it  must  be  1,000  hours  for  the  second  sample  when  testing  of  a  second 
sample  becomes  necessary. 
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Example  (I2); 

Consider  a  case  for  I'Jtxich  a  p  value  of  2-1/2  and  e  y  value  of  0 
can  be  assumed.  A  Rejectable  Hazard  Rate  of  ,00090  (per  hour)  at  a 
life  of  2,000  hours  has  been  specified.  However,  a  test  period  of  only 
500  hours  for  sample  items  is,  for  practical  reasons,  the  longest  that 
can  be  utilized.  Bie  problem  is  to  determine  a  single- sampling  105C 
plan  that  will  meet  the  RHR  requirement. 

A  suitable  plan  in  terms  of  this  required  time  for  the  lot  quality 
specification  but  one  that  uses  the  reduced  testing  time  can  be  found 
through  application  of  data  in  Table  5  of  this  report,  a  table  of  hazard 
rate  ratios.  If  we  let  t^  represent  the  life  at  which  the  hazard  rate 
is  specified  and  t^^  represent  the  testing  time  to  be  employed,  then  the 
ratio  between  the  two  which  is  required  for  the  use  of  the  table  may  be 
determined.  It  is  t^/t^  cr  2000/500  which  is  K  Entering  the  table  at 
the  4.00  value  for  this  ratio  ,  and  reading  across  to  values  for  use 
yhen  p  2-1/2,  a  Z(t2)/z(t^)  ratio  of  8.00  may  be  found.  Letting  Z{t^) 
represent  the  hazard  rate  specified  at  time  t^of  2,000  hours  ('tdiich  is 
.00090),  a  corresponding  hazard  rate  z(t^)  at  time  t^  of  500  hours  can 
be  computed.  Since  Z(t2)/z(t^)  =8.00,  Z(t^)  =  .OOO90/8.OO  =  .00011. 

A  tz(t)  X  100  ratio  can  now  be  ccanputed  using  this  new  rate  to  apply  at 
500  hours.  It  is  500  x  .00011  x  100  =  5,5. 

With  this  value  for  the  RHR  product,  5*5>  oii©  2iay  now  malte  reference 
to  Table  bh  which  lists  products  for  p  =  2-1/2.  Any  plan  for  \diich  a 
value  at  or  close  to  5-5  may  be  found  in  the  body  of  this  table  will  meet 
the  RHR  specifications.  For  example,  a  plan  with  an  AQLi  of  0.25jt  and 
with  Sample  Size  Code  Letter  N  will  doi  likewise,  one  v^ith  an  AQL  of  l.Ojt 
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ond  with  Sample  Size  Code  Letter  Q  meets  the  req:.irement.  A  choice  Iron 
these  or  other  suitable  alternatives  will  depend  on  the  Acceptable  Haz^d 
Rate  that  seems  most  suitable  for  the  case.  Use  of  the  tz(t)  x  100 
product  at  the  tope  of  a  column  from  which  a  plan  is  selected  will  enable 
one  to  determine  the  hazard  rate  for  which  the  probability  of  acceptance 
will  be  high.  For  the  first  alternative  mentioned  above  (0.25^  and  N), 
tz(t)  X  100  =  1625.  Ihus  the  AHR  =.625/^00  x  100)=  ,0000125  at  500  hours. 
At  2000  hours  it  depends  on  the  ratio,  z(t2)/z(t^)  =  8.00.  Thus  at 
2000  hours  the  AHR,  ^(tg)  -  .0000125  x  8.00  =  .00010, 

Example  (13); 

For  an  example  of  a  case  for  which  the  location  or  threshold 
parameter  is  not  zero,  consider  an  application  for  which  one  can  assvune 
p  ss  4  and  y  =  200  hours.  A  sample  size  of  50  has  been  specified  (single 
sampling  is  to  be  employed) .  A  life  testing  time  of  600  hours  for  sample 
items  has  been  agreed  upon.  It  seems  reasonable  to  expect  a  hazard 
rate  of  .00070  at  600  hours  and  so  this  figvire  is  selected  as  an  Acceptable 
Hazard  Rate  end  a  plan  is  accordingly  to  be  selected  in  these  terms.  The 
problem  is  to  determine  vzhat  acceptance  nvunber  must  be  used  and  also  what 
measure  of  consumer  protection  will  be  afforded, 

Q3ae  first  step  is  to  subtract  the  value  for  7  from  the  value  for  t, 
the  test  and  specification  time  value,  to  get  t^,  a  value  in  zero 
threshold-parameter  terms.  Accordingly,  t  -  r  =  600  -  200  =  400  =  t^. 

Ilhis  converted  value  may  now  be  used  in  the  normal  manner  for  the  table 
and  procedures  being  described  in  this  report, 

Ihe  t  Z(t  )  X  100  product  at  the  Acceptable  Hazard  Rate  will  thus 
o  '  o^ 

be  too  X  .00070  X  100  or  28.  Reference  may  now  be  made  to  Table  6j 
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which  lists  products  for  ^  ^  h,  Exacolnation  of  the  coXuznn  headings 
Indicates  for  an  AQD  of  6,556  a  corresponding  tz(t)  x  100  product  of 
26.9,  a  figure  reasonably  close  to  28.  Reference  next  to  table  IV-A 
of  MIL-STD-105C  or  Table  7  of  this  report  shows  that  for  single  sampling 
with  a  sample  of  size  50,  and  with  an  AQD  of  6,556,  the  acceptance 
number  must  be  6.  Also,  it  may  be  noted  that  a  single  sample  of  size 
50  corresponds  to  Sample  Size  Code  Letter  I. 

To  determine  a  measure  of  consumer  protection  when  the  sample  size 

is  50  (Letter  l)  and  the  acceptance  number  is  6  (AQL  =  6.556),  reference 

may  now  be  made  again  to  Table  6j  of  this  report.  At  Letter  I  and  an 

AQL  of  6,5^,  it  will  be  foimd  that  the  tz(t)  x  100  product  is  89  at 

the  Rejectable  Hazard  Rate  (for  which  the  probability  of  acceptance  is 

low,  namely  .10  or  less).  With  this  valv^e  one  may  determine  that 

t^Z(t)  X  100  =  400  Z(t)  X  100  89,  or  Z(t)  *  89/1^00  x  100)=  .0022. 

Note  again  for  these  computations  the  converted  time  value#  t  *  is 

o 

used.  The  Rejectable  Hazard  Rate  of  .0022  as  computed  above  actually 
applies,  however,  at  a  real  life  of  (t^  +  7)  or  600  hours. 


TABLS  1 


Tiftble  of  tZ(t)  X  100  ValuoB  for  VarlouB  V&Iubb  of  p* 


p* 

Shm 

P«ran»tw  •  6 

(mu: 

i^3 

~~l¥~ 

8/3 

1 

1  1/3 

1  2 '3  2 

2  1/2 

3  1'3 

4 

5 

.(XLO 

.005 

.007 

.010 

.013 

.017 

.020 

.025 

.033 

.o4o 

.040 

.050 

.0« 

.008 

.012 

.016 

.020 

.024 

.030 

.048 

.060 

.015 

.005 

.oor 

.010 

.015 

.020 

.025 

.030 

.040 

.038 

.050 

.060 

.075 

.oeo 

.OOT 

.OW 

.010 

.013 

.020 

.027 

.033 

.050 

.067 

.080 

.100 

.0C5 

.012 

.017 

.025 

.033 

.048 

.050 

.063 

.083 

.100 

.125 

.0^ 

.040 

.OLO 

.015 

.020 

.030 

.040 

.050 

.060 

.075 

.100 

.120 

.150 

.013 

.020 

.027 

.040 

.053 

.067 

.080 

.100 

.133 

.160 

.200 

.050 

.017 

.025 

.033 

.050 

.067 

.083 

.100 

.125 

.167 

.200 

.250 

.06$ 

•022 

.03a 

,040 

.043 

.065 

.087 

.108 

.130 

.163 

.217 

.260 

-325 

.oOo 

.027 

.053 

.080 

•  107 

.133 

.160 

.200 

.267 

.320 

.400 

.100 

•033 

.050 

.067 

.100 

.133 

.167 

.200 

.250 

.333 

.400 

.400 

.500 

.040 

.060 

.080 

.120 

.160 

.200 

.840 

.300 

.480 

.600 

.15 

.050 

.075 

.100 

.150 

.200 

.250 

.300 

.375 

.500 

.600 

.750 

.20 

.067 

.100 

.133 

.200 

.266 

-333 

.400 

.500 

.666 

.800 

1.000 

.25 

.083 

.325 

.167 

.250 

.333 

.417 

.500 

-625 

.833 

l.OCX) 

1.250 

.100 

.150 

.200 

.300 

.400 

.500 

.600 

.750 

1.000 

1.200 

1.500 

.134 

.201 

.267 

.401 

.535 

.668 

.802 

1.003 

1.337 

l.6o4 

2.005 

.50 

.167 

.851 

*334 

.501 

.668 

l.'^T 

1.002 

1.253 

1.670 

2.00>» 

2.505 

.65 

.217 

.386 

.435 

.658 

.869 

1.304 

1.630 

2.173 

2-6o8 

3.260 

.60 

.868 

.4^ 

.535 

.803 

1.071 

1.336 

1.606 

2.008 

2.677 

3.212 

4.015 

1.00 

.335 

.402 

fi 

.670 

1.005 

1.340 

1.675 

2.010 

2.513 

3.350 

4.020 

5.025 

1.2 

.805 

1.207 

1.609 

2.012 

2.4i4 

3.018 

4.023 

4.8aa 

6.035 

1.5 

.5<A 

.756 

1.007 

1.511 

2.015 

8.518 

3.0^ 

3.778 

5.037 

6.044 

7.555 

2.0 

1.010 

1.347 

2.020 

2.693 

3.367 

4.040 

5.050 

6.733 

8.080 

10.100 

2.5 

1.266 

1,688 

2.532 

3.376 

4.880 

5.064 

6.330 

8.44o 

10.128 

12.660 

3.0 

1,015 

1.523 

2.031 

3.046 

4.061 

5.077 

6.092 

7.615 

10.153 

12.184 

15.230 

4.0 

1.361 

2.041 

2.721 

4.082 

5.443 

6.803 

8.164 

10.205 

13.60T 

16.328 

20.410 

5.0 

1.710 

2.565 

3.419 

5.129 

6.839 

8.548 

10.258 

12.883 

17.097 

20.516 

25.645 

6.5 

8.8to 

3.360 

4.481 

6.721 

8.961 

11.201 

13-448 

16.802 

22.403 

26.884 

33.605 

6.0 

2.779 

4.169 

5.559 

8.338 

11.117 

13.897 

16.676 

20.845 

27.794 

33.352 

41.691 

10.0 

3.512 

5.868 

7.0S4 

10.536 

14.048 

17.560 

21.072 

26.340 

35.120 

42,144 

52.680 

12 

4,a6i 

6.392 

8.522 

12.783 

17.044 

21.305 

25.567 

31.958 

42.611 

51.133 

63.917 

15 

S.IHT 

8.126 

10.835 

16.252 

21.669 

87.086 

32.504 

40.630 

54.173 

65.008 

81.260 

20 

7.^ 

9.^ 

11.157 

14.87S 

22.314 

29  753 

37.191 

44.629 

55-786 

74.381 

89.258111.57 

25 

14.384 

19.179 

28.768 

38.358 

47.947 

57.536 

71.921 

95.894  115.07 

143.84 

11.889 

17.834 

23-778 

35.668 

47.557 

59.446 

71.335 

89.169 

118.89 

142.67 

178.34 

4o 

17.027 

25.541 

34.055 

51.088 

68.110 

85.137  102.16 

127.71 

170.27 

204.33 

255.41 

50 

23.105 

35.994 

34.657 

46.210 

69.315 

92.420  115.52 

138.63 

173.29 

231.05 

349.94 

877-26 

346.57 

65 

58.491 

69.986  104.96 

139.98 

174.97 

809.96 

262.46 

419.93 

524.91 

8o 

53.648 

80.472  107.29 

160.94 

214.59 

268.24 

321.89 

408.36 

535.48 

643.77 

804.72 

2 


of  p*  (^1)  VaJuas  for  Varlovw  Valuot  of  t2(t)  x  100 


t2(t) 

1  .3hape  Paranetar  -  0  | 

X  100 

1/3 

.1'2 

2'3 

1 

)  1'3 

1  2/3 

2 

8  l  '^ 

3  1/3 

4 

5 

.010 

.030 

.020 

.015 

.010 

.008 

.006 

.005 

.004 

.003 

.CCS 

.012 

.024 

.018 

.012 

.009 

.007 

.006 

.005 

,003 

.one 

.015 

OfcS 

.060 

.030 

.022 

.015 

.Oil 

.009 

.008 

.006 

.005 

.004 

.003 

:o20 

■oto 

.030 

.020 

.015 

.012 

.010 

.008 

.006 

.005 

.004 

*025 

.075 

.050 

.037 

.025 

.019 

.015 

.013 

.010 

.006 

.005 

.030 

.040 

.090 

.120 

.0)0 

.060 

.oto 

.060 

.030 

.040 

.022 

.030 

.018 

.08( 

.015 

.020 

.018 

.016 

.009 

.012 

.008 

.010 

.Oo5 

.OOS 

•  050 

.150 

.100 

.074 

.050 

.036 

.030 

*025 

.020 

.015 

.013 

.010 

.0fi5 

.080 

.097 

.120 

.065 

.080 

.049 

.060 

.039 

.046 

.086 

.038 

.080 

.Qe( 

.oil 

.080 

.013 

.016 

.100 

.300 

.200 

.150 

.100 

.075 

.060 

.050 

.0(0 

.0^ 

.025 

.020 

.12 

•2S 

.8to 

.160 

.120 

.090 

.072 

.060 

.0(8 

.036 

.030 

.oe( 

.15 

•222 

.225 

.150 

.112 

.090 

.075 

.060 

.<*5 

.038 

.030 

.20 

•22 

.Imoo 

.300 

.200 

.150 

.120 

.100 

.080 

.060 

.050 

.0(0 

.25 

•W 

-499 

.370 

.250 

.187 

.150 

.325 

.100 

.675 

.063 

.050 

.896 

.996 

.449 

.300 

.225 

.180 

.150 

.120 

.090 

.075 

.060 

.40 

1.193 

.797 

.596 

.399 

.300 

.2(0 

.200 

.160 

.180 

•100 

.080 

•s 

1.^ 

.995 

.7(7 

.(99 

.37( 

•300 

.250 

.200 

.150 

.125 

.100 

1.931 

1.292 

.970 

*6^ 

.461 

•369 

.38( 

.260 

•195 

.163 

.130 

.80 

a.371 

1.587 

1.193 

.79T 

.598 

.(79 

.399 

.319 

.240 

•200 

.160 

1.00 

a.95§ 

1.960 

l.to9 

.995 

.7(7 

.596 

.(99 

•399 

.306 

•250 

.200 

1.2 

3.536 

2.371 

1.78( 

1.193 

.8^ 

.717 

.5^ 

.(79 

.359 

.300 

.240 

1.5 

(.too 

2.959 

2.225 

1.(89 

1.U9 

.5^ 

M 

.^4 

.300 

a.o 

*•5 

5-!!* 

T.ae6 

5:^ 

1.960 

2.469 

1.(89 

i.858 

1.193 

1.(89 

.w 

.995 

.683 

.399 

.499 

2*2 

8.6aT 

5.86( 

(.too 

2.955 

2.225 

1.78( 

1.(89 

1.193 

.896 

.7(7 

.598 

4.0 

1:5 

II.3OB 

13*929 

17*717 

7.688 

9-516 

19.190 

5.88( 

T.n6 

9.890 

2-2i 

(.077 

6.893 

8.955 

3.681 

(.758 

2.371 

3.W5 

1.980 

2.469 

3.198 

1.387 

1.980 

8.566 

1.931 

1.6U 

.'m 

*995 

1.292 

8.0 

ai.JST 

14.^ 

U.306 

7.688 

5.82( 

(.687 

3.981 

3.1(9 

8.jfl 

1.980 

1.567 

10.0 

12 

15 

•5.91S 

90.tSB 

^.»3T 

ia.u7 

81.3W 

S-S2 

S:8| 

20.148 

9.516 

11.308 

13-989 

7.886 

8.6OT 

10.6(0 

5eB( 

6.9(7 

6.6OT 

(•gj 

5.8b( 

7.886 

3*921 

4*66T 

5*624 

8.955 

8.(69 

1:18 

1.960 

2.371 

2.955 

20 

(5.119 

3B.968 

85.918 

18.127 

13.989 

11.308 

9.516 

T.6e8 

5.624 

4.677 

3.921 

25 

5*.T63 

39.3(7 

31.2T1 

22.120 

17.097 

13*929 

n.750 

9.516 

7.896 

0.059 

i.srr 

30 

(5.119 

?6.237 

85  918 

20.1(6 

16.(73 

13*929 

11.308 

B.m 

7.886 

5.624 

40 

69.881 

55  067 

45.119 

38.968 

85.918 

21.337 

18.127 

1(.786 

U.308 

9*516 

7.688 

12 

n.6/Bfi 

63.812 

39.3(7 

31.271 

85.918 

22.120 

18.127 

13.989 

li.750 

9.516 

f5 

85.773 

78.7(7 

68.881 

(7.795 

38.5to 

3a.89( 

87.7(7 

88.895 

17.717 

1(.^ 

12.i90 

oO 

90.928 

79.810 

69.881 

55.067 

(5.119 

38.128 

38,968 

27.385 

21.337 

18.127 

14.7^ 

100 

95-061 

86.466 

77.587 

63.812 

58-763 

(5.119 

39.3(7 

38.968 

85.918 

22.126 

18.127 

-45- 


TABLE  3a 

Table  of  Sampling  Plans  for  B  =  l/3 


50  I 


2 

(.85) 

4 

(6.9) 

7 

(8.4) 


4  6  8 

(.42)  (.29)  (.21) 

6  id  14 

(2.1)  (1.2)  (.88) 

9  13  19 

(3.4)  (2.2)  (1.5) 

11  17  24 

(4.8)  (2.9)  (2.0) 

13  20  29 

(6.0)  (3.7)  (2.4) 

16  24  34 

(6.5)  (4.1)  (2.7) 


18  27 

(7.3)  (4.6) 

20  30 

(8.1)  (5.0) 

22 

(8.8) 

24 

(9.3) 

26 

(9.6 


100  Product  for  Which  P(A)  ■  .10  (or  less) 

fZs  1.5  1.0  0.5  0.25  0.1?  0.^0 

52  77  155  308  513  768  1540 

(.03)  (.02)  (.01)  -  -  -  -- 

87  130  261  521  866  1300  2600 

(.13)  (.09)  (.04)  (.02)  (.01)  (.01)  - 


120  180 

(.23)  (.15) 

150  226 

(.30)  (.20) 

182  270 

(.37)  (.25) 

211  314 

(.42)  (.2M 


239  356 

(.46)  (.31) 

266  398 

(.50)  (.34) 

295  440 

(.54)  (.36) 

323  48l 

(.57)  (.38) 


n.o) 

fs..) 


357  712  ^ 
(.08)  (.04) 

447  894 

(.10)  (.05) 

537  1070 

(.12)  (.06) 

623  1240 

(.14)  (.07) 


i4io  ! 
(.08) 

1580 

(.08) 

1740  I 
(.09) 

1900 

(.09) 


U90  1770  3550 

(.02)  (.01)  (.01) 

1490  2230  4450 
(.03)  (.02)  (.01) 

1770  2670  5330^ 
(.04)  (.02)  (.01) 

2070  3090  6180 
(.04)  (.01)  (.01 


ii 


HI 


u 

18 

1 

29 

44 

61 

U9 

230 

(19) 

(9.6V 

(5 

.8) 

(3.8) 

(2.0) 

(1.0) 

12 

20 

31 

47 

69  ^ 

127 

246 

(19) 

(10) 

(6 

.2) 

(3.9) 

(2.1) 

(1.0) 

13 

21 

33 

50 

73  , 

136 

262 

(20) 

(10) 

(6 

.2) 

(4.1) 

(2.1) 

(1.1) 

14 

22  1 
(21) 

Ik 

53 

(6 

L6) 

78 

(4.2) 

i45  I 

(2.2)1 

279 

(1.1) 

15 

24 

37 

56 

> 

82 

153  , 

295  ^ 

(21) 

(11) 

(6 

:.6) 

(4.3) 

(2.2) 

(1.1) 

377  562 
(.62)  ^42) 

404  602 

(.64)  (.43) 

431  642 

(.66)  (.45) 

457  681 
(.68), (.46) 

484  ,721 
(.70) I (.47) 


1120 

(.21) 

1190 

(.22) 

1250 

(.22) 

1350 

(.23) 

1430 

(.23) 


3700  5530 
(.06)  (.04) 

13960  5930 
T.06)  (.04) 

4220  6320 

I (.07)  (.04) 

4480  6710 
(.07)  (.04) 

4740  7100 
•  (.05) 


tz(t)  *  100  produota  in  parentheses  are  for  P(a)  =  .95  (or  more) 


!I!ABLE  3t> 


Ifeble  of  Sampling  Plans  for  ^  =  l/2 


tZ(t)  s  100  Product  for  Which  P(a)  =  .10  (or  less 


0.25  I0.15  jo.io  I0.05 


5  8  12 

(-50)  (.31)  (.21) 

9  Ih  20 
(2.0)  (1,3)  (.90) 

12  19  28 

(3.6)  (8.2)  (1.4) 

15  24  35  i 

(5.0)  (3.0)  (2.0)j 

19  29  42  l_ 

(5.8)  (3.6)  (2.4)|(1.2) 

22  34 

(6.6)  (4.1) 


46  77  115  231  462 

(.05)  (.03)  (.02)  (.01)  - 

79  130  196  391  780 

(.23)  (.13)  (.09)  (.Q4)  (.02) 

108  180  269  535  1O7O 

(.38)  (.23)  (.15)  (.08)  (.04) 

135  826  337  670  1340 

(.51)  (.30)  (.20)  (.10)  (.05) 

164  271  4o4  803  1600 

(.61)  (.37)  (.25)  (.12)  (.06) 

190  314  468  932  i860 

(.70)  (.42)  (.28)  (.14)  (.07) 


6680 

(.61) 

7990 

(.01-) 

9280 

(.01) 


25  39  56  109  216 

(7.4)  (4.5)  (3.1)  (1.5)  (.77) 

28  43  63  122  241 

(8.0)  (5.0)  (3.3)  (1.6)  (.83) 

31  48  70  134  266 

(8.6)  (5.2)  (3.5)  (1.8)  (.89) 

34  58  76  147  291 

(9.1)  (5.6)  (3.7)  (1.9)  (.94) 

37  57  85  .162  316 


(9.2)1(5.7)I(3.7)I(1.9) 


40  61  92 

(9.9)  (6.0)  (3.8) 

43  68  98 

(9.9)  (6.0)  (4.0) 

46  73  105 

(10)  (6.0)  (4.1) 

49  78  111 

(10)  (6.2)  (4.2) 

52  82  117 

in)  (6.5)  (4.4)  1(2.3) 


3510  5270 
(.05)  (.03) 

3920  5880 
Ms)  (.03)  (.02) 

1310  12600  143^  6500  13000 
“  '  ‘  (.05)  (.04)  (.02) 

4740  7100  14200 
(.06)  (.04)  (.02) 

5140  7700  15400 


5140 

(.06) 


340  562 

(1.0)  (.62) 

365  602 
(1.0)  (.64) 

389  642 

(1.1)  (.66) 

413  681 

(1.1)  (.68) 


1670 

(.21) 


p30  55 
(•10)  (* 


1790  3560 
(.82)  (.n 

1910  3800 
(.22)  (.li 

2020  4030 
(.23)  (.u 

2140  4270 


10)  (. 
60  59 


16600 

(.02) 

17800 

(.02) 

19000 

(.02) 

20100 

(.02) 

21300 


tZ(t)  :c  100  products  in  parentheses  are  for  P(a)  =  .95  (or  more) 


tabi;e  3c 


Table  of  Saji5)ling  Plans  for  P  =  2/3 


n  - - - 

" 

tZi(t)  X 

100  Product 

for  Vlhlch  P{a)  = 

.10  (0: 

r  less 

c 

100 

50 

25 

15  : 

LO 

5  5 

2.5 

1.5  ; 

L,0 

0.5 

0.25 

0.15 

0.10 

0 

p 

4 

7 

11 

l6 

31  < 

52 

102 

155 

308 

622 

1020 

1540 

(1.6) 

(.86) 

(.49) 

(.31) 

(.21) 

(.10) 

(.05) 

(.03) 

(.02) 

(.01) 

— 

1 

k 

(6.7) 

6 

(4.2) 

u 

(2.2) 

18  1 

(1.3) 

27 

(.89) 

53 

(.44) 

105 

(.23) 

175 

(.13) 

261 

(.09) 

521 

(.04) 

1050 

(.02) 

1730 

(.01) 

2590 

(.01) 

2 

5 

(13) 

9 

(6.7) 

16 

(3.6) 

25 

(2.2) 

8.0) 

72 

(.77) 

143 

(.38) 

239 

(.23) 

357 

(.15) 

712 

(.08) 

l44o 

(.04) 

2370 

(.02) 

3550 

(.01) 

3 

7 

(16) 

11 

(9.6) 

20 

(4.9) 

8.0) 

(1.9) 

91 

(1.0) 

181 

(.51) 

300 

(.30) 

449 
( .20) 

894 

(.10) 

1810 

(.05) 

2970 

(.03) 

4450 

(.02) 

4 

8 

(22) 

13 

(12) 

24 

(5.8) 

8.,) 

56 

(2.4) 

109 

(1.2) 

217 

(.61) 

359' 

(.37) 

537  ^ 

(.25) 

1070 

(.12) 

2160 

(.06) 

«50 

(.04) 

5330 

(.02) 

5 

10 

(23) 

16 

(13) 

28 

(6.7) 

44 

(4.1) 

(2.7) 

127 

(1.4) 

232 

(.70) 

4l7 

(.42) 

623 

(.28) 

1240 

(.14) 

2510 

(.07) 

4120 

(.04) 

6180 

(.03) 

6 

11 

(28) 

18 

(14) 

?7.4) 

50 

(4.6) 

74 

(3.0) 

144 

(1.5) 

286 

(.77) 

473 

(.46) 

707 

(.31) 

l4l0 

(.15) 

2850 

(.08) 

4680 

(.05) 

7020 

(.03) 

7 

13 

(29) 

SO 

(16) 

56 

(5.0) 

82 

(3.3) 

163 

(1.6) 

320 

(.83) 

529 

(.50) 

791 

(.34) 

1580 

(.17) 

3180 

(.08) 

5230 

(.05) 

7850 

(.03) 

8 

l4 

(33) 

22 

(17) 

?8.8) 

63 

(5.2) 

91 

(3.5) 

180 

(1.7) 

353 

(.89) 

584 

(.54) 

873 

(.36) 

1740 

(.18) 

mo 

(.09) 

5780 

(.05) 

m 

B 

15 

(36) 

24 

(18) 

(9.2) 

68 

(5.6) 

100 

(3.7) 

197 

(1.8) 

386 

(.94) 

638 

(.57) 

954  ^ 
(.38) 

1900 

(.19) 

3840 

(.09) 

6310 

(.06) 

9470 

(.04) 

B 

26 

(19) 

47 

(9.2) 

76 

(5.6) 

in 

(3.8) 

213 

(1.9) 

419 

(.99) 

692 

(.60) 

1030 

(.40) 

2060 

4160 

(.10) 

6850 

(.06) 

MSm\ 

11 

18 

(38) 

29 

(19) 

(10) 

82 

(5.8) 

119 

(3.9) 

230 

(2.0) 

451 

(1.0) 

746 

(.62) 

1120 

(.42) 

2220 

(.21) 

4490 

(.10) 

7380 

(.06) 

lUOO 

(.04) 

12 

so 

(38) 

§0) 

!?o) 

88 

(6.0) 

128 

(4.1) 

246 

(2.1) 

483 

(1.0) 

n,, 

1190 

(.43) 

2380 

(.22) 

4810 

(.11) 

11900 

(.04) 

13 

21 

(iio) 

flo) 

58 

(10) 

94 

(6.2) 

136 

(4.2) 

262 

(2.2) 

515 

(1.1) 

852 

(.66) 

1270 

(.45) 

2540 

(.22) 

5120 

(.11) 

8430 

(.07) 

12600 

(.04) 

It^ 

22 

(»i3) 

IL) 

62 

(10) 

100 

(6.4) 

i45 

(4.3) 

279 

(2.2) 

547 

(1.1) 

905 

(.68) 

1350 

(.46) 

2700 

(.23) 

5440 

(.11) 

8950 

(.07) 

13400 

(.04) 

15 

24 

(43) 

?22) 

68 

(11) 

106 

(6.6) 

153 

(4.4) 

295  ^ 
(2.3) 

578 

(l.ll 

957 

(.70) 

1430 

(.47) 

2850 

(.23) 

5760 

(.12) 

9460 

(.07] 

14200 

(.05) 

tz(t)  :c  100  products  in  parentheses  are  for  P(A)  =  -95  (or  wore) 


TABLE  iA 

Table  of  Saarolinc  Plans  for  P  =  1 


n 

tz(t) 

ICX)  Product  for  V/hich  P(A) 

=  .10  (or  less) 

c  " 

100 

50 

25 

15 

LO 

5  i 

2.5  ; 

L.5  . 

L.O 

0.5 

0.25 

0.15 

3.10 

0 

1 

2 

3 

4 

5 

3 

(1.7) 

^8.0) 

7 

(14) 

9 

(19) 

n 

(22) 

13 

(25) 

5 

(1.0) 

9 

(4.2) 

12 

(7.4) 

15 

(10) 

19 

(12) 

22 

(13) 

10 

(.51) 

17 

(2.1) 

23 

(3.7) 

29 

(5.0) 

34 

(6.2) 

40 

(7.0) 

l6  i 

(.32) 

27 

(1.3) 

47 

(3.0) 

56 

(3.6) 

65 

(4.2) 

34 

(.20) 

4o 

(.90) 

55 

(1.5) 

69 

(2.0) 

82 

(2.4) 

96 

(2.8) 

46 

(.11) 

79 

(.45) 

108 

(.76) 

135 

(1.0) 

164 

(1.2) 

191 

(1.4) 

?2 

(.06) 

158 

(.22) 

216 

(.38) 

271 

(.50) 

324 

UD 

376 

(.69) 

155  i 
(.03) 

261 

(.13) 

357 

(.23) 

449 

(.30) 

537 

(.37) 

623 

(.42) 

231 

(.02) 

389 

(.09) 

533 

(.15) 

669 

(.20) 

800 

(.24) 

928 

(.28) 

46l 

(.01) 

778 

(.05) 

1070 

(.08) 

1340 

(.10) 

1600 

(.12) 

i860 

(.14) 

922 

mm  . 

1560 

(.02) 

2130 

(.04) 

2670 

(.05) 

3200 

(.06) 

3710 

(.07) 

1540  ! 

2590 

(.01) 

3550 

(.02) 

4450 

(.03) 

5330 

(.04) 

6180 

(.04) 

2300 

3890 

.01) 

5320 

(.02) 

6680 

(.02) 

8000 

(-.02) 

9280 

(.03) 

6 

7 

8 

9 

10 

l4 

(30) 

l6 

(33) 

18 

(35) 
20 

(36) 
22 
(38) 

25 

(15) 

28 

(16) 

^17) 

34 

(18) 

37 

(19) 

4? 

(7.5) 
51 

(8.2) 

57 

(9.0) 

62 

(9.3) 

70 

(9.5) 

74 

(4.6) 
82 

(5.0) 

91 

(5.4) 

100 

(5.7) 
in 
(5.7) 

109 

(3.0) 

122 

(3.3) 

135 

(3.5) 

147 

(3.7) 

162 

(3.9) 

216 

(1.5) 

242 

(1.7) 

267 

(1.8) 

292 

(1.9) 

n6 

(2.0) 

427 

(.77) 

477 

(.83) 

527 

(.89) 

576 

(.94) 

624 

(1.0) 

707 

(.46) 

791 

(.50) 

872 

(.54) 

954 

(.57) 

1030 

(.60) 

1050 

(.31) 

n8o 

(.34) 

1300 

(.36) 

1420 

(.38) 

1540 

(.40) 

2U0 

(.16) 

2360 

(.17) 

2600 

(.18) 

2840 

(.19) 

3080 

(.20) 

4210 

(.08) 

4710 

(.08) 

5200 

(.09) 

5680 

(.10) 

6160 

(.10) 

7020 

(.05) 

7850 

(.05) 

8660 

(.05) 

9470 

(.06) 

10300 

(.06) 

10500 

(.03) 

n8oo 

(.03) 

13000 

(.04) 

14200 

(.04) 

15400 

(.04) 

11 

12 

13 

14 

15 

23 

(40) 

25 

(42) 

27 

(42) 

29 

(44) 

31 

(44) 

40 

(20) 

43 

(20) 

45 

(21) 

48 

(22) 

51 

(22) 

76 

(9.8) 

81 

(10) 

86 

(10) 

91 

(11) 

97 

(11) 

119 

(6.0) 

128 

(6.2) 

136 

(6.4) 

145 

(6.5) 
153 
(6.7) 

175 

(4.0) 

187 

(4.2) 

200 

(4.3) 

212 

(4.4) 

224 

(4.6) 

341 

(2.1) 

365 

(2.2) 

389 

(2.2) 

413 

(2.3) 
437 

(2.4) 

672 

(l.SL) 

720 

(1.1) 

768 

(1.1) 

815 

(1.1) 

863 

(1.2) 

mo 

(.62) 

n90 

(.64) 

127P 

(.66) 

1350 

(.68) 

1430 

(.70) 

1660 

(.42) 

1780 

(.43) 

1900 

(.45) 

2010 

(.46) 

2130 

(.47) 

3320 

(.21) 

3560 

(.22) 

3790 

(.22) 

4030 

(.23) 

4260 

(.24) 

6640 
( .10) 

7110 

(.11) 

7580^ 

(.11) 

8050 
( .11) 

8520 

(-12) 

moo 

(.06) 

n9oo 

(.06) 

12600 

(.07) 

13400 

(.07) 

14200 

(.07) 

16600 

(.04) 

17800 

(.04) 

19000 

(.05) 

20100 

(.05) 

21300 

(.05) 

tZ(t)  X  100  products  in  parentheses  are  for  P(a)  =  .95  (or  more) 


s 


TABIiE  3e 

Table  of  Sampling  P},ans  for  P  =  1  1/3 


r 

tz(t) 

::  100  Product  for  Vfliich  P(a)  = 

.10  ( 

or  le 

ss  )  i 

C 

100 

50 

25 

15 

1 

10 

5 

2.5 

1.5 

1.0 

0.5 

0,25 

0,15 

0.10 

0 

4 

7 

13 

21 

31 

62 

123 

206 

308 

616 

1230 

2060 

3070 

(1.6) 

(.97) 

(.52) 

(32) 

:.22) 

(.11) 

(.05) 

(.03) 

(.02) 

(.01) 

— 

— 

1 

6 

11 

22 

36 

53 

105 

209 

348 

521 

1040 

2080 

3470 

5190 

(8.6) 

(4.3) 

(2.1) 

(1.3) 

(.90) 

(.45) 

(.23) 

(.13) 

(.09) 

(.04) 

(.02) 

(.01) 

(.01) 

2 

9 

16 

30 

49 

72 

l44 

286 

476 

712 

1420 

2850 

4750 

7100 

(13) 

(7.2) 

(3.8) 

(2.3) 

(1.5) 

(.75) 

(.38) 

(.23) 

(.15) 

(.08) 

(.04) 

(.02) 

(.01) 

3 

11 

20 

38 

61 

■91 

181 

360 

597 

894 

1790 

3570 

5970 

6910 

(19) 

(9.8) 

(5.0) 

(3.0) 

(2.0) 

(.99) 

(.51) 

(.30) 

(.20) 

(.10) 

(.05) 

(.03) 

(.02) 

4 

P  V 

24 

45 

74 

109 

217 

430 

714 

1070 

2140 

4270 

7140 

10700 

(24) 

(12) 

(6.0) 

(3.6) 

(2.4) 

(1.2) 

(.61) 

(.37) 

(.25) 

(.12) 

(.06) 

(.04) 

(.02) 

5 

16 

28 

52 

85 

127 

252 

499 

829 

1240 

2480 

4960 

8280 

12400 

(26) 

(13) 

(6-9) 

(4.2) 

(2.7) 

(1.4) 

(.70) 

( .42) 

(.28) 

(.14) 

( .07) 

(.04) 

(.03) 

6 

18 

32 

60 

97 

144 

286 

567 

941 

I4l0 

2820 

5630 

9400 

14000 

(29) 

(14) 

(7.6) 

(4.6) 

(3.0) 

(1.5) 

(.77) 

(.46) 

(.31) 

(.15) 

(.08) 

(.05) 

(.03) 

7 

SO 

P 

67 

109 

163 

320 

634 

1050 

1580 

3150 

6290 

10500 

15700 

(32) 

(16) 

(8.3) 

(5.0) 

(3.3) 

(1.6) 

(.83) 

(.50) 

(.34) 

ri7) 

(.08) 

(.05) 

(.03) 

8 

22 

39 

74 

120 

180 

359 

699 

1160 

1740 

3470 

6950 

11600 

17300 

(35) 

(17) 

(8.8) 

(5.3) 

(3.5) 

(1.7) 

(.89) 

(.54) 

(.36) 

(.18) 

(.09) 

(.05) 

(.04) 

9 

2^^ 

81 

131 

197 

386 

765 

1270 

1900 

3800 

7600 

12700 

18900 

(37) 

(18) 

(9.2) 

(5.7) 

(3.7) 

(1.8) 

(.94) 

(.57) 

(.38) 

(.19) 

(.09) 

(.06) 

(.04) 

10 

26 

47 

90 

145 

213 

419 

829 

1380 

2060 

4120 

8240 

13800 

20500 

(38) 

(18)  ( 

(9.4) 

(5.7) 

(3.9) 

(l.9( 

(.99) 

(.60) 

(.40) 

(.20) 

(.10) 

(.06) 

(.04) 

11 

29 

51 

97 

156 

230 

451 

893 

1480 

2220 

4440 

8880 

14800 

22100 

(38) 

(19) 

(9.7) 

(6.1) 

(4.0) 

(2.0) 

(1.0) 

(.62) 

(.42) 

(.21) 

(.10) 

(.06) 

(.04) 

12 

31 

55 

104 

167 

246 

483 

957 

1590 

2380 

4750 

9510 

15900 

23700 

(40) 

(20) 

(10) 

(6.3) 

(4.2) 

(2.1) 

(1.0) 

(.64) 

(.43) 

(.22) 

(.11) 

(.06) 

(.04) 

13 

33 

58 

m 

178 

262 

515 

1020 

1690 

2540 

5070 

10100 

'S 

0 

25300 

(42) 

(21) 

(10) 

(6.5) 

(4.4) 

(2.2) 

(1.1) 

(.66) 

(.45) 

(.22) 

(.11) 

(.07) 

(.04) 

?? 

62 

118 

189 

279 

547 

1080 

1800 

2690 

5380 

10800 

18000 

268CO 

1 

(44) 

(21) 

(11) 

(6.6) 

(4.5) 

(2.2) 

(1.1) 

(.68) 

(.46) 

(.23) 

(.11) 

(.07) 

(.04) 

15 

37 

68 

125 

200 

295 

578 

1150 

1900 

2850 

5690 

11400 

0 

0 

0 

2? 

28400 

(45) 

(22) 

(11) 

(6.8) 

(4.6) 

(2.3) 

(1.1) 

(.70) 

(.47) 

(.23) 

(.12) 

(.07) 

(.05) 

tZ(t)  X  3,00  products  in  parentheses  are  for  P(A)  =  .95  (or  more) 


^50- 


lABLE  3f 

Table  of  Sampling  Plans  for  P  =  1  2/3 


n 

tz(t)  X,  100  Product  for  Which  P(a) 

=  ,10  (or  1 

beb) 

c 

100 

50 

25 

15 

10 

6.5 

5.0 

4.0 

2.5 

1.5 

1,0 

0.5 

0.25 

— 

0 

4 

(2.1) 

8 

(1.0) 

16 

(.53) 

26 

(.32) 

39 

(.21) 

59 

(.14) 

77 

(.11) 

96 

(.09) 

155 

(.05) 

257  ^ 

( .03) 

385; 

(.02) 

768 
( -Ol), 

1540 

1 

7 

(9.0) 

14 

(4.4) 

27 

(2.2) 

44 

(1.3) 

66 

(.89) 

130 

(.44) 

164 

(.36) 

261 

(.23) 

434 

(.13) 

651 

(.09) 

1300 

(.04) 

2590 

(.02) 

2 

10 

(15) 

19 

(7.5) 

37 

(3.8) 

60 

(2.3) 

90 

(1.5) 

138 

(.99) 

180 

(.75) 

224 

(.61) 

357 

(.38) 

594 

(.23) 

890 

(.15) 

1770 

(.08) 

3550 

(.04) 

3 

13 

(20) 

24 

(10) 

47 

(5.0) 

76 

(3.0) 

113 

(2.0) 

175 

(1.2) 

226 

(1.0) 

282 

(.62) 

449 

(.51) 

746 

(.30) 

1120 

(.20) 

2230 

(.10) 

4450 

(.05) 

k 

16 

(23) 

29 

(12) 

56 

(6.1) 

91 

(3.7) 

136 

(2.4) 

209 

(1.5) 

271 

(1.2) 

337 

(.98) 

537 

(.61) 

892 

(.37) 

1340 

(.25) 

5330 

(.06) 

5 

19 

(26) 

34 

(13) 

106 

(4.1) 

159 

(2.7) 

242 

(1.7) 

314 

(1.4) 

391 

(1.1) 

623 

(.70) 

io4o 

(.42) 

1550 

(.28) 

3090 

(.14) 

6180 

(.07) 

6 

21 

(30) 

39 

(15) 

74 

(7.6) 

120 

(4.7) 

181 

(3.0) 

275 

(2.0) 

356 

tl.5) 

444 

(1.2) 

707  ^ 

(.77) 

1180 

(.46) 

1760^ 

( .31) 

7020 

(.08) 

i 

24 

(32) 

43 

(16) 

82 

(8.5) 

135 

(4.9) 

202 

(3.3) 

308 

(2.1) 

398  , 
(1.6) 

496 

(1.3) 

791 

(.83) 

1310 

(.50) 

1970; 

(.34) 

S?) 

7850 

(.08) 

8 

26 

(35) 

48 

(17) 

91 

(9.0) 

149 

(5.4) 

223 

(3.5) 

340 

(2.2) 

44o 

(1.7) 

558 

(1.4) 

873 

(.89) 

1450 

(.54) 

2170 

(.36) 

4330 

(.18) 

8630 

(.09) 

29 

(37) 

52 

(18) 

100 

(9.4) 

165 

(5.5) 

244 

(3.7) 

371 

(2.4) 

481 

(1.8) 

599  ^ 
(1.5) 

954 

(.94) 

1590 

(.57) 

2380 

(.38) 

4740 

(.19) 

9470 

(.09) 

1 

32 

(37) 

57 

(19) 

111 

(9.4) 

179 

(5.9) 

265 

(3.9) 

403 

<2.5) 

521 

(1.9) 

650 

(1.5) 

1030 

(.99) 

1720 

(.60) 

2580 

(.40) 

5140 

(.20) 

10300 

iii2l 

11 

6l 

(19) 

119 

(9.9) 

193 

(6.1) 

285 

(4.0) 

434 

(2.6) 

562 

(2.0) 

700 

(1.6) 

mo 

(1.0) 

1850 

(.62) 

2780 

(.42) 

5530 

(.21) 

moo 

(.10) 

12 

111) 

69 

(20) 

128 

(10) 

207 

(6.3) 

305 

(4.2) 

465 

(2.7) 

602 

(2.1) 

750 

(1.7) 

1190 

(1.0) 

1980 

(.64) 

2970 

(.43) 

5930 

(.22) 

11900 

(.11) 

13 

39 

(43) 

73 

(20) 

136 

(10) 

220 

(6.5) 

326 

(4.4) 

496 

(2.8) 

642 

(2.2) 

800 

(1.7) 

1270 

(1.1) 

2120 

(.66) 

3170 

(.45) 

6320 

(.22) 

12600 

(.11) 

Ik 

42 

(43) 

78 

(21) 

145 

(11) 

234 

(6.7) 

346 

(4.5) 

526 

(2.9) 

681 

(2.2) 

849 

(1.8) 

1350 

(1.1) 

2250 

(.68) 

3370 

(•46) 

6710 

(.23) 

13400 

(.11) 

15 

44 

(45) 

82 

(21) 

153 

(11) 

247 

(6.9) 

366 

(4.6) 

(3.0) 

721 

(2.3) 

898 

(1.8) 

1430 

(1.1) 

23&O 

(.70) 

3560 

(.47) 

7100 

(.23) 

14200 

(.12) 

tz(t)  3C  100  products  in  parentheses  are  for  P(a)  =  .95  {or  more) 


OlABIiE  3e 


Table  of  Saa^pling  Plans  for  p  =  2 


n 

tz(t) 

X  100  Product  for  \?hich  P(A)  = 

=  .10  (or  less) 

c 

100 

50 

25 

15 

10 

6.5 

5.0 

4.0 

2.5 

1.5 

1.0 

0.5 

0.25 

0 

?2.0) 

10 

(1.0) 

(?54) 

46 

(.22) 

73 

(.14) 

92 

(.11) 

115 

(.09) 

185 

(.05) 

308 

(.03) 

462 

(.02) 

921 

(.01) 

1840 

1 

9 

(8.4) 

16 

(4.5) 

^.2) 

f^3) 

79 

(.90) 

120 

(.59) 

158 

(.44) 

196 

(.36) 

fh 

521 

(.13) 

780 

(.09) 

1560 

(.04) 

3120 

(.02) 

a 

la 

(l‘^) 

23 

(T.5) 

(3.8) 

72 

(2.3) 

108 

(1.5) 

166 

(.98) 

216 

(.75) 

269 

(.61) 

429 

(.38) 

712 

(.23) 

1070 

(.15) 

2130 

(.08) 

4260 

(.04) 

3 

15 

(20) 

(10) 

lU 

91 

(3.0) 

(2.0) 

209 

(1.3) 

271 

(1.0) 

337 

(.82) 

538 

(.51) 

894 

(.30) 

13*»0 

(.20) 

2670 

(.10) 

5340 

(.05) 

4 

18 

(24) 

&) 

66 

(6.2) 

109 

(3.6) 

163 

(2.4) 

250 

(1.5) 

324 

(1.2) 

404 

(.98) 

644 

(.61) 

1070 

(.37) 

1600 

(.25) 

3200 

(.32) 

6400 

(.06) 

5 

22 

(27) 

40 

(13) 

77 

(7.1) 

127 

(4.2) 

190 

(2.7) 

290 

(1.8) 

376 

(1.4) 

468 

(1.1) 

747 

(.70) 

1240 

(.42) 

i860 

(.28) 

3710 

(.14) 

7420 

(.07) 

6 

25 

(29) 

45 

(15) 

88 

(7.7) 

143 

(4.7) 

216 

(3.0) 

329 

(2.0) 

427 

(1.5) 

532 

(1.2) 

848 

(.77) 

i4io 

(.46) 

2110 

(.31) 

4210 

(.15) 

8430 

(.08) 

7 

28 

(33) 

51 

(16) 

98 

(8.4) 

163 

(5.0) 

24l 

(3.3) 

368 

(2.1) 

477 

(1.6) 

594 

(1.3) 

948 

(.83) 

1580 

(.50) 

2360 

(.34) 

4710 

(.17) 

9420 

(.08) 

8 

31 

(35) 

57 

(17) 

109 

(8.9) 

180 

(5.2) 

266 

(3.5) 

406 

(2,3) 

526 

(1.7) 

656 

(1.4) 

1050 

(.89) 

1740 

(.54) 

2600 

(.36) 

5200 

(.18) 

10400 

(.09) 

S7) 

62 

(19) 

119 

(9.5) 

197 

(5.6) 

291 

(3.7) 

444 

(2.4) 

575 

(1.9) 

717 

(1.5) 

ii4o 

(.94) 

1900 

(.57) 

2850 

(.38) 

5680 

(.19) 

ii4oo 

(.09) 

I 

?It) 

70 

(18) 

131 

(9.7) 

213 

(5.9) 

316 

(3.9) 

482 

(2.5) 

624 

(1.9) 

778 

(1.5) 

1240 

(.99) 

2060 

(.60) 

3090 

(.40) 

6160 

(.20) 

12300 

(.10) 

11 

40 

(40) 

75 

(19) 

l4l 

(9.9) 

230 

(6.1) 

340 

(4.1) 

519 

(2.6) 

672 

(2.0) 

838 

(1.6) 

1340 

(1.0) 

2220 

(.62) 

3330 

(.42) 

6640 

(.21) 

13300 

(.10) 

12 

43 

(40) 

80 

(20) 

151 

(10) 

246 

(6.4) 

365 

(4.2) 

556 

(2.7) 

720 

(2.1) 

898 

(1.7) 

1430 

(1.0) 

2380 

(.64) 

3560 

(.43) 

7110 

(.22) 

14200 

(.11) 

13 

46 

(42) 

86 

(20) 

161 

(10) 

a62 

(6.6) 

389 

(4.4) 

593 

(2.8) 

768 

(2.2) 

957 

(1.7) 

1530 

(1.1) 

2540 

(.66) 

3800 

(.45) 

7580 

(.22) 

15200 

(.n) 

14 

49 

(42) 

91 

(21) 

171 

(11) 

279 

(6.8) 

413 

(4.5) 

629 

(2.9) 

815 

(2.2) 

1020 

(1.8) 

1620 

(1.1) 

2700 

(.68) 

4030 

(.46) 

8050 

(.23) 

161C0 

(.11) 

15 

52 

(44) 

96 

(22) 

181 

(11) 

295 

(7.0) 

437 

(4.6) 

666 

(3.0) 

862 

(2.3) 

1080 

(1.8) 

1710 

(1.1) 

2850 

(.70) 

4270 

(.47) 

8520 

(.23) 

17000 

(.12) 

t(Z)  :c  100  products  in  parentheses  are  for  P(a)  =  ,95  (or  more) 


tCABLE 

Table  of  Sanpling  Plans  for  P  =  2  l/2 


n  -  - 

*Z(t)  3 

:  100 

Product  for  VQaich  P(a) 

>=  .10  (or  less) 

c 

100 

50 

25 

15 

10 

5.5 

5.0 

4.0  ! 

2.5 

1.5 

1.0 

0.5 

0.25 

0 

1 

2 

3 

h 

5 

6 

(2.1) 

11 

(8.4) 

15 

(14) 

19 

(19) 

23 

(23) 

26 

(28) 

12 

(1.0) 

20 

(4.5) 
28 

(7.5) 

&) 

42 

(12) 

49 

(13) 

23 

(.54) 

40 

(2.2) 

55 

(3.8) 
69 

(5.0) 

82 

(6.1) 

96 

(6.9) 

?^33) 

66 

(1.3) 
90 

(2.3) 

113 

(3.0) 

136 

(3.6) 

159 

(4.1) 

58 

(.21) 

98 

(.90) 

134 

(1.5) 

170 

(2.0) 

204 

(2.4) 

237 

(2.7) 

89 

(.14) 

150 

(.58) 

207 

(.99) 

260 

(1.3) 

312 

(1I5) 

361 

(1.8) 

115 

(.11) 

196 

(.45) 

269 

(.76) 

337  ^ 
(1.0) 

404 

(1.2) 

468 

(1.4) 

l44 

(.09) 

245 

(.36) 

335 

(.61) 

421 

(.82) 

504 

(.98) 

584 

(1.1) 

231 

(.05) 

671 

(.51) 

803 

(.61) 

932  ^ 
(.70) 

385 

(.03) 

650 

(.13) 

890 

(.23) 

1120 

(.30) 

1340 

(.37) 

1550  ' 
(.42) 

577  ^ 
(.02) 

§75 , 

(.09) 

1330 

(.15) 

1670 

(.20) 

2000 

(.25) 

2320 

(.28) 

1150 

(.01) 

1950 

(.04) 

2660 

(.08) 

^340 

(.10) 

4000 

(.12) 

4640 

(.14) 

2300 

h 

6680 

(.05) 

7990 

(.06) 

9280 

(.07) 

6 

7 

8 

9 

10 

30 

(31) 

34 

(38) 

37 

(35) 

4l 

(37) 

44 

(37) 

56 

(15) 

63 

(16) 

70 

(17) 

76 

(18) 

85 

(18) 

109 

(7.7) 

122 

(8.3) 

134 

(9.0) 

i47 

(9.5) 

162 

(9.5) 

181 

(4.6) 

202 

(4.9) 

223 

(5.2) 

244 

(5.5) 

265 

(5.8) 

269 

(3.0) 

300 

(3.3) 

331 

(3.5) 

362 

(3.7) 

393  ^ 

(3.9) 

410 

(2.0) 

459 

(2.1) 

506 

(2.3) 

554 

(2.4) 

600 

(2.5) 

532 

(1.5) 

594 

(1.6) 

656 

(1.7) 

717 

(1.8) 

778 

(1.9) 

664 

(1.2) 

742 

(1.3) 

819 

(1.4) 

te5 

(1.5) 
m 

(1.5) 

1060 

(.77) 

1180 

(.83) 

1310 

(.89) 

1430 

(.94) 

1550 

(.99) 

1760 

(.46) 

1970 

(.50) 

2170 

(.54) 

238O 

(.57) 

2580 

(.60) 

2640 

(*#•) 

2950 

(.#) 

3260 

(.^) 

1% 

3860 

(.40) 

5270 

(.15) 

§890 

(.17) 

6500 

(.18) 

7100 

(.35) 

7700 

(.20) 

10500 

(.08) 

11800 

(.06) 

13000 

(.09) 

14200 

(.09) 

15400 

(.10) 

n 

12 

13 

Ik 

15 

48 

(40) 

?40) 

58 

(43) 

62 

(43) 

92 

(19) 

98 

(20) 

105 

(20) 

111 

(21) 

117 

(22) 

174 

(9.9) 

187 

(10) 

199 

(10) 

212 

(u) 

224 

(u) 

285 

(6.1) 

W.Z) 

326 

(6.5) 

346 

(6.6) 

366 

(6.8) 

423 

(4.1) 
454 

(4.2) 

483 

(4.4) 

513 

(4.5) 

543 

(4.6) 

647 

(2.6) 

693  ^ 

(2.7) 

739 

(2.8) 

784  • 
(2.9) 

830 

(3.0) 

838 

(2.0) 

898 

(2.1) 

957  ^ 
(2.2) 

1020 

(2.2) 

1080 

(2.3) 

1050 

(1.6) 

1120 

(1.7) 

1190 

(1.7) 

1270 

(1.8) 

1340 

(1.8) 

1670 

(1.0) 

1790 

(1.0) 

1910 

(1.1) 

2020 

(1.1) 

2140 

(1.1) 

2780 

(.62) 

4160 

(.42) 

4460 

(.43) 

5040 

(.46) 

5340 

(.47) 

8300 

(.21) 

8890 

(.22) 

9480 

(^) 

IQIOO 

(.23) 

10600 

(.23) 

16600 

(.10) 

17800 

(.11) 

19000 

(.11) 

20100 

(.11) 

21300 

(.12) 

tZ(t)  X  100  products  In  parentheses  are  for  P(a)  =  .95  (or  more) 


TABLE  31 

Table  of  Sampling  Plans  for  P  =  3  I/3 


n 


tz( t )  X  100  Product  for  Which  P(a)  =  .10  (or  less) 


c 

100 

50 

25 

15 

10 

6.5 

5.0 

4.0 

2.5 

1.5 

1.0 

0.5 

0.25 

0 

8 

(2.1) 

16 

(1.0) 

52 

(.33) 

118 

(.14) 

155 

(.11) 

193 

(.09) 

308 

(.05) 

513 

(.03) 

768 

(.02) 

1540 

(.01) 

3070 

1 

l4 

(8.8) 

27 

(4.4) 

§.2) 

87 

(1.3) 

132 

(.90) 

201 

(.57) 

261 

(.45) 

326 

(.36) 

521 

(.23) 

866 

(.13) 

1300 

(.09) 

2590 

(.04) 

5190 

(.02) 

2 

19 

(15) 

37 

(7.6) 

72 

(3.8) 

120 

(2.3) 

180 

(1.5) 

276 

(.99) 

357 

(.76) 

446 

(.61) 

712 

(.38) 

1190 

(.23) 

1770 

(.15) 

3550 

(.08) 

7100 

(.04) 

3 

84 

(20) 

47 

(9.9) 

91 

(5.0) 

150 

(3.0) 

226 

(2.0) 

350 

(1.3) 

449 

(1.0) 

560 

(.82) 

894 

(.51) 

1490 

(.30) 

2230 

(.20) 

4450 

(.10) 

8910 

(.05) 

4 

124) 

56 

(12) 

109 

1(6.0) 

182 

(3.6) 

271 

(2.4) 

4l4 

(1.5) 

537 

(1.2) 

670 

(.98) 

1070 

(.61) 

1780 

(.37) 

2660 

(.25) 

5330 

(.12) 

10700 

(.06) 

5 

SiL 

65 

127 

lEau 

211 

(4.1) 

314 

(2.7) 

480 

(1.8) 

623 

(i-iLlJ 

777 

(1.1) 

1240 

(.70) 

2070 

(.42) 

oS* 

6180 

(.14) 

12400 

(.07) 

6 

39 

(30) 

74 

(15) 

143 

(7.9) 

239 

(4.6) 

356 

(3.1) 

545 

(2.0) 

707 

(1.5) 

883 

(1.2) 

i4io 

(.77) 

2350 

(.46) 

3510 

(.31) 

7020 

(.15) 

i4ooo 

(.08) 

7 

43 

(33) 

82' 

(16) 

163 

(8.2) 

268 

(4.9) 

398 

(3.3) 

610 

(2.1) 

791 

(1.7) 

990 

(1.3) 

1580 

(.83) 

2620 

(.50) 

3920 

(.34) 

7850 

(.17) 

15700 
(.08)  1 

8 

48 

(35) 

91 

(17) 

180 

(8.8) 

295 

(5.3) 

44o 

(3.5) 

673 

(2.3) 

873 

(1.7) 

1090 

(1.4) 

1740 

(.89) 

2890 

(.54) 

4330 

(.36) 

8660 

(.18) 

9 

52 

(38) 

100 

(18) 

196 

(9.4) 

323 

(5.6) 

48l 

(3.7) 

736 

(2.4) 

954 

(1.9) 

1190 

(1.5) 

1900 

(.94) 

3160 
( .57) 

4740 

(.38) 

9470 

(.19) 

H 

10 

57 

(38) 

111 

(18) 

213 

(9.8) 

M 

521 

(3.9) 

m 

1030 

(1.9) 

1290 

(1.5) 

2060 

(.99) 

3430 

(.60) 

5140 

(.40) 

10300 

(.20) 

11 

61 

(38) 

119 

(19) 

230 

<10) 

377 

(6.2) 

562 

(4.1) 

860 

(2.6) 

1110 

(2.0) 

1390 

(1.6) 

2220 

(1.0) 

5530 

(.42) 

11100 

(.21) 

B 

12 

(39) 

128 

(30) 

246 

(10) 

404 

(6.4) 

602 

(4.3) 

921 

(2.7) 

1190 

(2.1) 

1490 

(1.7) 

2380 

(1.0) 

3960 

(.64) 

5930 

(.43) 

11900 

(.22) 

H 

13 

ll) 

136 

(21) 

262 

(10) 

430 

(6.6) 

642 

(4.4) 

982 

(2.8) 

1270 

(2.2) 

1590 

(1.7) 

2540 

(1.1) 

4220 

(.66) 

6320 

(.45) 

12600 

(.22) 

B 

iJl) 

145 

(21) 

279 

(11) 

457 

(6.7) 

681 

(4.5) 

1040 

(2.9) 

1350 

(2.3) 

1690 

(1.8) 

2690 

(1.1) 

4480 

(.68) 

6710 

(.46) 

13400 

(.23) 

B 

15 

88 

(^3) 

153  ' 
(22) 

.  1, 

295 

(11) 

484 

(6.9) 

(31 

!oBl 

1100 

(3.0) 

1430 

(2.3) 

1780 

(1.8) 

2850 

(1.1) 

4740 

(.70) 

14200 

(.23) 

S 

tz(t)  X  100  products  in  parentheses  are  for  P(a)  =  .95  (or  more) 


■* 


t 


TABLE  3J 


Taljle  of  Sampling  Plans  for  P  =  4 


n 


tZ(t)  X  100  Product  for  Which  P(A)  =  .10  (or  less) 


c 

100 

65 

50 

25 

15 

10 

6.5 

m 

m 

m 

Bfli 

0.5 

1 

■ 

15 

(1.3) 

19 

(1.0) 

37 

(.55) 

62 

(.33) 

92 

(.22) 

142 

(.14) 

185 

(,ii) 

231 

(.09) 

370 

(.05) 

616 

(i03) 

921 

(.02) 

l840 

(.01) 

B 

25 

(5.7) 

32 

(4.5) 

63 

(2.2) 

105 

(1.3) 

158 

(.89) 

241 

(.58) 

th 

391 

(.36) 

624 

(.23) 

1040 

(.13) 

1560 

(.09) 

3110 

(^^) 

2 

23 

(14) 

34 

(9.8) 

44 

(7.4) 

87 

(3.8) 

144 

(2.3) 

216 

(1.5) 

330 

(.99) 

429 

(.76) 

535 

(.61) 

854 

(.38) 

1420 

(.23) 

2130 

(.15) 

4260 

(.08) 

3 

29 

(20) 

43 

(13) 

55 

(10) 

109 

(5.0) 

181 

(3.0) 

271 

(2.0) 

4l4 

(1.3) 

538 

(1.0) 

671 

(.82) 

1070 

(.51) 

1790 

(.30) 

2670 

(.20) 

5340 

(.10) 

k 

34 

(24) 

52 

(15) 

66 

(12) 

130 

(6.0) 

217 

(3.6) 

324 

(2.4) 

496 

(1.5) 

644 

(1.2) 

803 

(.98) 

1280 

(.61) 

2l40 

(.37) 

3200 

(.25) 

6400 

(.12) 

5 

40 

(27) 

6o 

(18) 

77 

(14) 

153 

(6.8) 

252 

(4.2) 

376 

(2.8) 

575 

(1.8) 

747 

(1.4) 

932 

(1.1) 

2480 

(.42) 

3710 

(.28) 

7420 

(.14) 

6 

45 

(31) 

68 

(20) 

88 

(15) 

174 

(7.5) 

286 

(4.7) 

1|27 

(3.1) 

653 

(2.0) 

848 

(1.5) 

1060 

(1.2) 

1690 

(.77) 

2820 

(.46) 

4210 

{.31) 

8430 

(.15) 

7 

51 

(33) 

76 

(21) 

98 

(16) 

194 

(8.3) 

320 

(5.0) 

477 

(3.3) 

730 

(2.2) 

948 

(1.7) 

1180 

(1.3) 

1890 

(.83) 

^50 

(.50) 

4710 

(.34) 

9420 

(.17) 

8 

57 

(35) 

84 

(23) 

109 

(17) 

214 

(8.7) 

353' 

(5.3) 

526 

(3.6) 

806 

(2.3) 

1050 

(1.8) 

1310 

(1.4) 

2090 

(.89) 

5480 

(.54) 

5200 

(.36) 

•  0 

ss: 

—  0 

62 

(37) 

92 

(25) 

119 

(19) 

234 

(9.3) 

386 

(5.6) 

575 

(3.8) 

881 

(2.4) 

ll4o 

(1.9) 

1430 

(1.5) 

2280 

(.94) 

3800 

(.57) 

5680 

(.38) 

11400 

(.19) 

1 

Tr,) 

103 

(25) 

131 

(19) 

254 

(9.8) 

4l9 

(5.8) 

624 

(4.0) 

956 

(2.6) 

1240 

(1.9) 

1550 

(1.5) 

2470 

(.99) 

4120 

(.60) 

6160 

(.46) 

12300 

(.20) 

11 

111 

(26) 

l4l 

(20) 

274 

(10) 

451 

(6.1) 

672 

(4.1) 

1.030 

(2.7) 

1340 

(2.0) 

1670 

(1.6) 

2660 

(1.0) 

4440 

(.62) 

6640 

(.42) 

13300 

(.21) 

12 

80 

(40) 

119 

(26) 

151 

(20) 

293 

(10) 

483 

(6.3) 

720 

(4.3) 

1100 

(2.8) 

1430 

(2.1) 

1790 

(1.7) 

2850 

(1.0) 

4750 

(.64) 

7110 

(.43) 

14200 

(.22) 

13 

86 

(41) 

126 

(27) 

161 

(21) 

313 

(10) 

515 

(6.5) 

768 

(4.4) 

1180 

(2.9) 

1530 

(2.2) 

1910 

(1.7) 

3040 

(1.1) 

5070 

(.66) 

7580 

(.45) 

15200 

(.22) 

14 

91 

(42) 

134 

(28) 

171 

(22) 

332 

(11) 

547 

(6.7) 

815 

(4.5) 

1250 

(3.0) 

1620 

(2.3) 

2020 

(1.8) 

3230 

(1.1) 

5380 

(.68) 

8050 

(.46) 

16100 

(.23) 

15 

96 

(44) 

142 

(29) 

181 

(22) 

351 

l(ll) 

578 

(6.9) 

862 

(4.6) 

1320 

(3.1) 

1710 

(2.4) 

2140 

(1.8) 

3420 

(1.1) 

5690 

(.70) 

8520 

(.47) 

17000 

(.23) 

tZ(t)  X  100  products  in  parentheses  are  for  P(A)  =  .95  (or  more) 
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!EABLE 

Table  of  Seznpliiig  Plans  for  P  =  5 


12  18  23  29 

(2.1)  (1.4)  (1.1)  (.88) 

20  31  40  50 

(9.1)  (5.8)  (4.5)  (3.6) 

28  42  55  68 

(15)  (9.9)  (7.5)  (6.1) 

35  53  69  85 

(20)  (13)  (10)  (8.1) 

42  64  82  102 

(24)  (15)  (12)  (9.8) 

49  74  96  119 

(28)  (18)  (14)  (11) 


6  56  84  109  135 

(31)  (20)  (15)  (12) 

7  63  94  122  153 

(33)  (22)  (16)  (13) 

8  70  104  134  169 

(35)  (23)  (18)  (14) 

76  114  147  185 

(37)  (25)  (19)  (14) 

85  126  162  200 

(37)  (25)  (19)  (15) 


11  92  136  174  216 

(39)  (26)  (20)  (16) 

12  98  l46  187  231 

(40)  (27)  (21)  (16) 

13  105  156  199  247 

(41)  (27)  (21)  (17) 

14  in  165  212  262 

(43)  (28)  (22)  (18) 

15  n7  175  224  277 

(43)  (29)  (23)  (18) 


::  100 

Product  for 

VJhich 

P(A)  = 

=  .10  ( 

or  les 

is) 

25 

15 

10 

6.5 

5.0 

HI 

2.5 

3 

1 

46 

77 

115 

231 

289 

462 

768 

U50 

(.55) 

(.33) 

(.22) 

(.14) 

(.11) 

(.09) 

(.05) 

(.03) 

(.02) 

79 

130 

196 

301 

391 

488 

780 

1300 

1950 

(2.2) 

(1.3) 

(.90) 

(.59) 

(.46) 

(.36) 

(.23) 

(.13) 

(.09) 

108 

180 

269 

412 

535 

668 

1070 

1770 

2660 

(3.8) 

(2.3) 

(1.5) 

(.99) 

(.76) 

(.6l)i 

(.38) 

(.23) 

(.15) 

135 

226 

337 

517 

671 

838 

1340 

2230 

3340 

(5.0) 

(3.0) 

(2.0) 

(1.3) 

(1.0) 

(.82) 

(.51) 

(.30) 

(.20) 

164 

271 

404 

619 

803 

1000  i 

2660 

4000 

(6.0) 

(3.6) 

(2.4) 

(1.6) 

(1.2) 

(.98) 

(.61) 

(.37) 

(.25) 

190 

314 

468 

718 

932 

n6o 

3090 

4640 

(6.8) 

(4.2) 

(2.8) 

(1.8) 

(1.4) 

(1.1) 

(.70) 

(.42) 

(.28) 

356  532 

(4.7)  (3.0) 

398  594 

(5.0)  (3.3) 

440  656 

(5.3)  (3.6) 

481  717 
(5.6)  (3.8) 

521  778 

4.0) 


815 

(2.0) 

9n 

(2.2) 

1010 

(2.3) 


2no 
(.77) 
2360 
(1.3)1(.83) 
2600 
(.89) 

2850 
(.94) 


562 

(6.1) 

602 

(6.4) 

642 

(6.6) 

681 

(6.8) 


in 


838 

(4.1) 

898 

(4.3) 

957 

(4.4) 

1020 

(4.5) 

1080 

(4.6) 


111 


5890 

(.34) 

6500 

(.36) 

7100 

(.38) 

7700 

(.40) 


1670  2080  3330  5530  8250 

(2.0)  (1.6)  (1.0)  (.62)  (.42) 

1790  2230  3560  5930  8890 

(2.1)  (1.7)  (1.0)  (.64)  (.43) 

1910  2380  3800  6320  9480 

(2.2)  (1.7)  (1.1)  (.66)  (.45) 

2020  2530  4030  6710  lOlCO 

(2.3)  (1.8)  (1.1)  (.68)  (.46) 

2140  2670  4270  7100  10600 

(2.4)  (1.8)  (1.1)  (.70)  (.47) 


tZ(t)  K  100  products  in  parentheses  are  for  P(a)  ~  ,95  (02*  more) 


table  h 


Table  of  Heizard  Rate  Ratios  for  Values  of  c 
Approximate  Values  for  RHR/AHR 


(Oliese  ratios  apply  for  all  values  of  p) 


c 

P(a|RHR)  I 

.10 

.05 

.01 

p(a|ahr) 

p(a!ahr) 

p(a|ahr) 

.99 

.95 

.90 

.99 

.95 

.90 

.99 

^95 

.90 

0 

228 

44.9 

21.9 

297 

58.4 

28.5 

456 

89.8 

43.9 

1 

26.1 

11.0 

7.31 

31.8 

13.4 

8.92 

44.6 

18.7 

32.5 

2 

12.2 

6.51 

4.83 

14.4 

7.70 

5.71 

19.3 

10.3 

7-63 

3 

8.12 

4.89 

3.83 

9.42 

5.68 

4.44 

12.2 

7.35 

5.76 

h 

6.25 

4.06 

3.29 

7.16 

4.65 

3.76 

9.07 

5.89 

4.77 

5 

5.20 

3.55 

2.94 

5.89 

4.02 

3.34 

7.34 

5.02 

4.16 

6 

4.52 

3.21 

2.70 

5.08 

3.60 

3.04 

6.25 

4.43 

3.74 

7 

4.05 

2.96 

2.53 

4.52 

3.30 

2.82 

5.51 

4.02 

3.44 

8 

3.71 

2.77 

2.39 

4.12 

3.07 

2.66 

4.96 

3.71 

3.20 

9 

3.44 

2.62 

2.28 

3.80 

2.B9 

2.52 

4.55 

3.46 

3.02 

10 

3.23 

2.50 

2.19 

3.56 

2.75 

2.42 

4.22 

3.27 

2.87 

11 

3.06 

2.4o 

2.12 

3.35 

2.63 

2.33 

3.96 

3.10 

2.74 

12 

2.92 

2.31 

2.06 

3-19 

2.53 

2.25 

‘3.74 

2.97 

2.64 

13 

2.80 

2.24 

2.00 

3.05 

2.44 

2.18 

3.56 

2.85 

2.55 

Ilf 

2.69 

2.18 

1.95 

2.93 

2.37 

2.12 

3.40 

2.75 

2.47 

15 

2.60 

2.12 

1.91 

2.82 

2.30 

2.07 

3.27 

2.66 

2.4o 

TABLE  5 


Table  of  Hazard  Rate  Ratios  for  t^/t^ 
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Appendix  A 

Instantaneous  Failure  Rate  an  a  Life*-q,uallty  Criterion. 

This  appendix  describes  the  instantaneous  failure  or  hazard  rate 

TiAiich  is  used  as  the  life-q.uality  criterion  for  items  siahject  to  the 

testing  procedures  given  in  this  report. 

For  an  arbitrary  lifelength  distribution  defined  over  7^  x  <  » 

(7  is  the  threshold  or  location  parameter)  with  c.d.f.  =  F(x),  and 

p.d.f.  =  f(x),  the  failure  rate,  G{x,T),  at  time  x  in  proportion  or 

fraction  (multiply  by  100  if  "percent”  instead  of  "fraction"  is  desired) 

per  T  time  units  is  (see  sketch), 

+  T 

G(x,T)  =  X  ^  F(x+T)  -  F(x)  1 

T  I  l-F(x)  ]  T  B(::)  .  (Al) 

In  Equation  (Al);  (i)  B»e  integral  represents  the  proportion  of  the 
original  items  expected  to  fail  from  time  x  to  time  (x  +  T)  and  (ii) 

1  -  F(x)  =  R(x)  represents  the  proportion  of  the  original  items  expected 
to  survive  to  time  x. 
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Hence  (i)  /[(li)  •  T  Jgiven  by  Eauatlon  (Al)  represents  the  expected 
rate  of  failure  at  time  x  for  the  next  T  time  units.  When  x  =  y,  the 
threshold  or  location  parameter,  G(y,T)  is  called  the  initial  failure 
rate .  Since  F(  7)  =  0,  R(  7)  =  1, 

G(7,T)  =  F(7  +  T)  /  T.  (. 

For  7  =  the  initial  failiire  rate  is, 

G(0,T)  =  F(T)  /  T,  C 

yhich  is  a  very  special  kind  of  failure  rate.  But  Ecuation  (A3)  is 

Q  10 

used  widely  to  define  the  failure  rate.  (Cf.  e.g#  Altman*^,  Davis  .;*"', 
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lt-108”>  Section  1  A3-2,  p.  12,  and  M^ers^.  H6A«3vor,this  definition  of 
failAATC  rate  is  correct  if  the  underlying  lifelcngth  distribution  is 
esTionentiai,  and-  incorrect  for  any  other,  distribution. 

To  show  ih®  iixv/e  statement  is  so,  Eouation  (Al)  may  be  re-vritten  as, 


G(x,T) 


R(3c)  -  R(::  +  T) 
T  .  R(3c) 


1 

T 


R(3C  +  T) 

1 - ]. 

R(x) 


(a4) 


For  the  exponential  case,  R(x)  =  exp  [-x/S  ],  for  x,S  >  0;  then. 

Exponential,  G(x,T)  =  [  1-e  ]  /  T  =  F(t)/T,  (A5) 

vjhich  depends  only  on  T  and  is  independant  of  x.  Furthermore,  fbr 
small  values  of  T./d  ,  by  use  of  the  exponential  series  expansion  and 
neglecting  terms  of  second  and  hi^er  orders  for  T/d  ,  F(t)  = 

1  _  e  (  1  S  T/d.  Then  Ejsponential,  G(x,T)  =  (P/d)  /  T  = 

lyp  =  X  ,  which  is  often  misijuoted  as  the  espionential  failure  rate. 
(See  comments  on  the  instantaneous  failure  rate  below). 

Hie  instantaneous  failure  or  hazard  rate  (or  simply  hazard), 

Z(r'.),  also  known  as  the  intensity  function,  is  the  limiting  value  of 
G(x,T)  as  T  -»  0.  Hence, 


Z(x)  =  Lim  G(::,T),  (a6) 

T  0 

which  may  be  worked  out  for  an  arbitrary  lifelength  distribution  by 
taking  such  a  limit-  By  recalling  the  definition  of  the  first  derivative 
of  a  function, 

-  ^(-0-  ]  =  F’(x)  =  f(x).  (A7) 


Hence j 

Z(:r)  =  f(x)/R(::),  for  ::  ^  y  ; 

=  0,  otheruise.  (a8) 

Bie  physical  meaning  of  the  instantaneous  failure  or  hazard  rate  lies 
in  the  fact  that  Z(:c)  represents  the  relative  failure -propensity  or 
failure  density  of  an  item  at  age  x.  In  this  report^,  it  is  adopted 
as  a  measure  of  life-quality  (Cf.  Eq.  (l)}.  By  its  definition,  Equation 
(a8),  since  R(x)  si,  Z(x)  C:  f(x)  0  for  x  u  y  ,  As  a  inalter  of  I'acl, 
it  can  be  larger  than  imity.  Tlaus  tl:c  term  hazard  "rate"  (vlii'ch  iinilLies 
a  proportion  or  fraction)  given  to  Z(:')  refers  only  to  a  "per  unit 
time  figure,  and  is  net  necessarily  a  fractional  number. 

From  Equation  (a8),  one  may  derive  the  original  arbitrary  life- 
length  distribution  by  the  steps  that  follow  [  Equations  (A9)  through 
(A3-5)  ]  •  Rev/rite  Equation  (a8)  into^* 

Z(rO  =  F'(::)  /  R(:c)  =  -  R'(x)  /  B(:c)  =  -  ^  [inR(x)], 

(A9) 

\/hich  is, 

d  [in  R(x)  ]  =  _  z(:c)  dx,  (/U.O) 

Integrating  both  sides  over  the  interval  (-»  ,  x)  gives, 

f  d  (in  R(y)  ]  +  f  d  [in  R(y)  ]  =  -  f  z(y)  dj'  - 

-«  7  .« 

f  Z(y)  dy,  (All) 

7 


r 


Since  for  -  »  <  ::  g  7,  r(x)  =  1  ,  or  In  R(:0  =  0  and  Z(x)  =  0, 
Equation  (Ail)  becomes, 


In  R(::)  =  -  Z(y)  for  x  ^  7, 

y 


(A12) 


or. 


R(:0  =  exp  [  -  Z(y)  d;^'-  ]  =  l-F(x)  for  x  ^  7  .  (AI3) 

7 


Hence,  the  lifelength  c .d.f .  is, 


F{::)  =  1  -  exp  [  -  r  2;(y)  dy  ]  for  x  ^  7; 

7 


=  0,  otherwise, 

and  its  first  derivative  with  respect  to  x. 


Ulk) 


f(x)  =  Z(x)  exp  [  -  Z{y)  dy  ]  for  x  ^  7: 

7 

=  0,  otherwise. 


(A15) 


The  foreGOing  is  true  for  all  distributions  including, 
the  exponential  case.  We  now  turn  to  our  assx«ned  mathematical  model, 
the  Weibull  distribution  of  the  form: 


F(::)  =  1  -  eiqp  [  -  (^)  ]  ,  :c  ^  7J  ri,  P  >  0; 

=  0,  othend.se. 


P 


(Al6) 


and  Its  p.d.f., 


f(")  =  ^  (■^  )  e.'^  (  -  (~)  ],  X  £  r,  Il,p  >  0: 


=  0,  otherwise. 


(A17) 


Ill  this  report,  since  7  is  nesnmed  to  be  known, Equation  (ai6)  and 
(AI7)  ore  not  used.  Instead,  Equations  (ai8)  and  (AI9)  are  referred  to 
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thro«ghoiit  this  report.  For  r  knovja, there  is  no  loes  of  generality  by 
assuming  7  =  0,  In  this  case^  the  Weibull  c.d.f.  and  p.d.f.  are,  for 
X  >  0,  T),  P  >  0, 


F{x) 

-  P 

=  1  -  exp  [-  (x/t))  ]  ,  and 

(Al8) 

f(x) 

=  1  (x/ti)  exp  (  -  (x/ti)  )  . 

(A19) 

Ihese  vere  refeired  to  earlier  as  Eq.uations(ii-)  and  (3)  respectively.  For  this 
Weibull  model,  the  expression  for  the  failiare  rate,  by  Eguation  (Ah),  is, 

1  f  /X+T\^  j 

WeibuU,  G(x,T)  =  5  j  1-  (^20) 

exp  [-(x/t|)^  ] 

The  expression  for  the  instantaneous  failure  or  hazard  rate,  by 
Equation  (a8),  is, 

Weibull,  Z(x)  =  |  (x/ti)^"^  ,  for  x  g  0,  (A21) 

v^ich  was  given  before  by  Equation  (5). 

When  toe  shape  parameter  p  =  1,  the  Weibull  distribution.  Equation 
(A18),  reduces  to  the  exponential  distribution,  (sec  Equation(A5))  with 
T)  =  0.  Also,  Equation  (A20)  becomes  Equation  (A5)  and  Equation  {A21) 
will  be  equal  to  l/O  as  remarked  earlier.  Furthermore,  under  the 
Weibull  case,  both  Equation  (A20)  for  G(x,T)  for  any  fixed  T  and  Equation 
(A21)  for  Z(x)  can  now  be  seen  as  increasing  (decreasing)  functions  in 
X  vhen  the  shape  parameter  P  is  greater  (less)  than  unity. 
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Appendix  B 

Average  Hazard  Rate  as  a  Life»quallty  Criterion 

Blis  appendix  describes  the  average  hazard  rate  vhich  is  useful 
as  the  life -quality  criterion  for  any  arbitrary  lifelength  distribution 
vhether  it  be  Weibull  or  othei^se. 

Ihe  average  hazard  rate,  ni(x)  is  defined  as  m(x)/x  where  M(x) 

13 

is  the  cumulative  hazard  rate  defined  as,  (Cf.  Broadbent  ), 

M(x)  =  Z(y)  dy, 

mm 

Suppose,  as  before,  the  arbitrary  lifelength  distribution  is  defined 
over  7  ^  X  <  “>  ,  then  the  average  hazard  rate  would  be, 

m(x)  =  i  Z(y)  d:c  for  x  >  7  , 

=  0,  otherwise.  (B2) 

Garvin^^  made  good  use  of  m{x)  for  the  Weibull  case  with  7,  the 
threshold  or  location  parameter,  equal  to  zero  and  devised  a  novel 
graphical  method  for  analysing  among  other  things  the  failure  data  of 
gas  turbine  blades  for  jet  engines. 

In  acceptance  sampling,  the  notion  of  average  hazard  rate  is 
particularly  useftil  when  the  instantaneous  failure  or  hazard  rate, 

Z(x),  of  the  lifelength  distribution  changes  monotonlcally  in  time- 
such  as  doss  a  Weibull  distribution  with  shape  parameter  p  other  than 
unity.  Ihis  was  seen  in  Example  (8)  of  this  report. 

Combining  Equation  (Bl)  with  Equation  (A14),  we  have, 

F(x)  =  1  -  exp  [-M(x)]  =  1  -  exp  [-x-m(x)].  (B3) 
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From  Equation  (A5),  the  exponential  F(x)  =  1-exp  [-x/0]  =  1-exp  [-X.x], 

for  X,  9,  \  >  0,  one  may  Interpret  m(x)  by  comparing  the  exponential 
c.a.f.  with  Equation  (B3)  and  noting  that  m(x)  is  that  average  hazard 
over  the  time  period  x  such  that, 

m(x)  =  l/0  =  X. 


Or  inversely,  we  may  define  the  hazard-hrealceven  time,  t^  ,  8.s  the 
solution  of  Equation  (b4)  for  any  specified  value  of  X,  thus, 

(95) 

where  m"^  is  the  usual  inverse  function  of  m.  Ihls  was  also  Illustrated 
in  Example  (8). 

Equation  (B3)  may  also  he  re-written  as  Equation  (b6),  and  Equation 
(B1)  as  Equation  (B7)^  thus, 

M(x)  =  -In  [1-F{x)  ]  =  -  In  R(x)  (b6) 

and, 

z(x)  =  •g|-  [M(x)]  =  m(x)  +  X  ~  [m(x)]  (37) 

These  relationships  facilitate  the  estimation  of  the  cumulative  hazard 
rate,  M(x),  and  hence  the  average  hazard  rate,  m(x),  as  well  as  the 
hazard  rate,  Z(x),  from  the  failure  date under  any  arbitrary  lifelength 
distribution  by  writing  Equation  (b6)  in  the  following  form  : 

X  •  m(x)  =  M{x)  =  exp  [in  M(x)  ] 

^  gln[-ln(l-F(x))  ]  .  ^30) 
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The  negative  values  for  the  exponent  ln[-ln(l-p')]  appearing  in  the 
last  member  of  Equation  (b8)  are  tabulated  in  Table  2  of  the  National 
Bureau  of  Standards  Tables^  for  p'  =  .0001  (.0001)  .0050( .001)  .988O 
(.0001)  .9994o( .00001)  .99999»  Estimates  for  p'  =  E(x)  from  failure 
data  are  discussed  in  Appendix  B  of  Goode  and  Kao.  A  useful 
approximation  which  can  be  derived  from  the  logarithmic  expansion  of 
Equation  (b6),  is  M(x)  ?  F(x)  for  small  values  of  F(x),  say  10^  or 
less,  with  two  decimal  places  in  accuracy. 

A  graphical  method  for  estimating  the  average  hazard  rate,  ra(x) 
as  a  function  of  x  for  any  arbitrary  lifelength  distribution  is  avail¬ 
able.  The  method  will  involve  the  use  of  Weibull  probability  paper  of 
the  first  kind  mentioned  in  the  reference  (for  7  known )^^.  After 
having  plotted  the  failure  data  (grouped  or  ungrouped)  into  the  so-called 
Weibull  plot  (not  necessarily  a  straight  line,  since  the  distribution 
is  arbitrary) the  graphical  estimates  of  m(x)  for  any  x  may  be  obtained 
in  the  manner  to  he  described. 

The  reason  that  the  Weibull  probability  paper  can  be  used  non- 
parametrically  is  the  following: 

.  Equation  (B3)  giving  the  arbitrary  lifelength  c.d.f .  in  teims  o.l 
m(x),  may  be  re-written  as: 

which  is  in  the  form  of  y  =  -a  +  z,  an  equation  giving  a  straight 
line  with  slope  =  1  on  the  Weibull  probability  paper  with  the  Y-intercept 
being  the  estimate  of  -In  [  ^  •  Since  the  slope  of  Equation  (B9) 

is  unity,  its  X-intercept  will  also  estimate  In  [  -jr^y  )  •  Furthermore, 
since  the  auxilliary  bottom  X-scale  is  calibrated  in  natural  logarithms. 
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the  estimate  [l/m(x)]  may  he  read  off  the  auxilliary  scale  directly, 
dhis  procedure  is  illustrated  by  the  folloving  sketch. 


The  steps  for  getting  the  estimate  of  m(x)  for  a  given  value  of 
X  are  (Refer  to  Kao  for  scale  designations  of  the  Weibull  probability 
paper): 

1)  Choose  a  point  X  along  the  axucilliary  (bottom)  X-axis 

and  erect  over  it  a  vertical  line  cutting  across  the  fitted 
Weibull  plot  at  point  (x,  F(x)  ).  The  coordinates  of 
this  point  are  in  reference  to  the  auxilliary  scales. 

2)  lihrough  this  point  pass  a  stral^t  line  parallel  to  a 
line  adjoining  pts.  =  (0,l)  and  (l,0),  both  in  reference 
to  the  principal  scales. 

3)  The  X-intercept  of  the  above  straight  line  estimates 

In  (  ■  )>  vith  values  to  be  read  off  the  top  principal 

scale . 
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4)  Dropping  a  vert iced  line  from  this  X-tntercept  cutting 
across  the  bottom  auxilliary  scale  gives  the  value  i/m(x), 
vhich  is  the  reciprocal  of  the  estimate  for  m(x). 

5)  Repeat  Steps  (l)  throu^  (U)  for  each  value  of  x  for  which 
m  (x),  the  estimate  of  m(x)  is  desired. 

It  will  bo  noted  that  if  the  Weibi^Ll  plot  happens  to  be  a  straight 
nn(»  with  slope  equal  to  unity,  i.e.,  the  exponential  case,  then  the 
value  m(x)  produced  by  the  above  steps  will  be  the  same  value  independent 
of  X,  a  result  \diich  is  to  be  expected  of  the  exponential  distribution. 
Also  the  value  l/m(x)  read  off  the  grajh  is  the  estimated  mean  life  by 
the  interpretation  given  by  Kao^.  This  latter  result  is  also  unique  for 
the  exponential  distribution.  Figure  4  shows  a  Welbull  plot  given  by 
riaitnB.n  and  Kao^^  which  also  appeared  in  Walsh  and  Tsao  (p.  2l),  with 
the  estimate  of  l/m(x)  for  six  values  of  x. 


1 

(in  hrs,) 

l/m(x^)  (in  hrs.) 

m(x)  (in  failure/ 
1000  hrs. 

1 

15 

1,450 

.6897 

2 

60 

4,900 

.2041 

3 

150 

9,600 

.1042 

4 

750 

16,000 

.0625 

5 

2,450 

9,6oO 

.1042 

6 

4,900 

4,900 

.2041 

Figure  5  shows  a  plot  of  m(x)  vs.  x  for  the  four  intermediate  points. 

It  is  Interesting  to  note  the  "bath-tub"  curve  which  is  so  characteristic 
of  the  failure  pattern  of  many  electronic  and  mechanical  conrponents  and 
systems. 
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